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In a system of N interacting single-level quantum dots (QDs) we study relaxation dynamics and current–voltage
characteristics determined by symmetry properties of the QD arrangement. Diﬀerent numbers of dots, initial
charge conﬁgurations, and various coupling regimes to reservoirs are considered. We reveal that eﬀective charge
trapping occurs for particular regimes of coupling to the reservoir when more than two dots form a ring structure
with the CN spatial symmetry. We reveal that the eﬀective charge trapping caused by the CN spatial symmetry
of N coupled QDs depends on the number of dots and the way of coupling to the reservoirs. We demonstrate
that the charge trapping eﬀect is directly connected with the formation of dark states, which are not coupled
to reservoirs due to the system spatial symmetry CN . We also reveal the symmetry blockade of the tunneling
current caused by the presence of dark states.
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tion functions [23], or quantum Monte Carlo calculations [24].

1. INTRODUCTION

Recent progress in nanostructuring techniques gives
rise to numerous experimental [1–3] and theoretical
[4–10] investigations of quantum dot (QD) and quantum dot molecule (QDM) setups with time-dependent
parameters [11]. Charges and spins conﬁned in QDs
and QDMs are considered attractive components for
next-generation optoelectronic devices and quantum
information processing because the discrete energy
states and properties of conﬁned charges can currently
be engineered with structure and composition [12, 13].
Several theoretical methods successfully used in
equilibrium were recently extended so as to allow analyzing the dynamics of single QDs and QDMs in outof-equilibrium states. Some of the proposed methods
are mainly analytic [10, 14–16] and others are numerical [17–19]. Nonequilibrium processes in single and
coupled QDs were analyzed theoretically by methods
such as the Keldysh nonequilibrium Green-function formalism [20], renormalization group theory [21], spindensity-functional theory [22], kinetic Heisenberg equations for local electron density and charge correla*
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Kinetic properties of coupled QDs (QDMs) depend
strongly on topology of the dots, which determines energy level spacing and coupling rates [25–27]. Experimental techniques currently allow creating both vertically aligned QDs [7, 10] and lateral QDs [28, 29]. Vertically aligned QDs make it possible to analyse nonstationary eﬀects and formation of various charge and spin
conﬁgurations. Lateral QDs are considered good candidates for creation of eﬃcient charge traps. Long-lived
charge occupation trap states in single QDs were observed experimentally in [30–32]. Single-electron trapping in a double-dot system [33] and extra hole trapping in QDMs [34] have been observed. In [33], the authors measured the temperature of a trapped electron
and extracted the tunnel coupling energy by means of
charge sensing measurements. A comprehensive conﬁguration-interaction study of a square QD containing
several electrons in the presence of an attractive impurity was performed in [35]. The authors revealed
that the presence of an impurity signiﬁcantly changes
the charge densities of the two-electron QD excited
states. The eﬀect of correlations was revealed in the
enhancement of charge density localization within the
dot. Two-electron states in a square QD were pro-
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posed for the singlet–triplet ﬁltering [36]. The total
spin of the initially prepared state localized at the opposite corners of a square QD can be detected by a
single charge measurement at the neighboring QD corners. Moreover, coupled square QDs, each including a
singlet–triplet qubit, have been proposed as candidates
for spin cellular automata for realization of a quantum
processor [36]. Instead of a single square QD, one can
also use four coupled QDs arranged in a ring. Realization of this proposal requires a rather strong Coulomb
interaction of localized electrons to provide only two
electrons with opposite spin projections in each square
QD. But in such a system, the real space rotational
symmetry of coupled QDs is not so important for the
suggested realization of qubits. One needs the total
symmetry of singlet–triplet states for qubit manipulations. The system of coupled QDs with CN symmetry
can also be a candidate for the realization of individual
controlled qubits.
In [34], the authors experimentally measured a single QDM in which one extra hole can be trapped in a
metastable higher-energy state of the QDM. The authors also presented a model for the kinetic pathways
that lead to the observed dynamic hole trapping. A
three-dot trap was considered in [37]. The authors
demonstrated how the well-known concept of coherent
population trapping in atoms can be transferred to a
purely electronic state. A rather complicated scheme
was proposed where three dots and reservoirs are connected by reversible and irreversible transitions.
Tunneling current characteristics and the Fano factor in the presence of so-called dark states, connected
with the charge trapping eﬀects, were analyzed in
[38,39]. In [38], the authors considered a rather complicated QD system that consists of two interacting subsystems — triple QDs with a single excess electron in
each subsystem. Dark states appear in such a system
only for a particular ratio between charging and exchange energies. In the proposed model, the authors
did not consider direct hopping between ﬁrst and second dots in each subsystem, and hence there was no
CN symmetry in each subsystem and in the entire system. The model under investigation is equivalent to
serial triple QDs in parallel conﬁguration. The authors
analyzed the tunneling current and the Fano factor depending on the charging Coulomb energy and obtained
a suppression of the tunneling current and an increase
in the Fano factor when dark states are formed at a
particular value of the charging energy. In [39], the authors also analyzed the tunneling current and the Fano
factor for a double QD structure (one-level and threelevel QDs) depending on the system parameters. In

this model, dark states also appear only at a particular
ratio between the magnetic energy in the second QD
and the s-electron energy in the ﬁrst QD. Both models
[38, 39] require an additional constraint on the system
parameters for the appearance of dark states.
The eﬀect of dephasing processes on electron transport through real and artiﬁcial atomic chains has
been widely discussed during the last decades [40–42].
Tunneling characteristics of linear atomic arrays in
the presence of electron–phonon interaction have been
studied in detail in [40,43]. A crucial interplay between
elastic and inelastic contributions to the phonon-assisted tunneling current and corresponding speciﬁc features of tunneling conductivity spectra have been carefully analyzed. Conditions for the enhancement or suppression of the tunneling current caused by interaction with phonons were revealed. In [41], the authors
also demonstrated that dephasing can lead to the suppression or enhancement of electron transport in linear
triple QDs. Dephasing-assisted transport occurs when
the coupling to the drain reservoir exceeds a threshold
value. In general, dephasing results in two eﬀects: it
destroys dark states in coupled QDs formed due to interference eﬀects, thus enhancing the tunneling current;
and it renormalizes the eﬀective tunneling rates to the
leads, and therefore the tunneling current can decrease
due to the bottleneck eﬀect [41, 44]. The bottleneck
eﬀect exists even in a tunneling contact without localized states if a ﬁnite relaxation rate of nonequilibrium
electrons in the leads is taken into account [44].
Analysis of the time evolution of electron ﬁlling
numbers in a system of N interacting QDs in the case
where only one of the dots is coupled to a reservoir was
performed in [23]. The authors demonstrated the presence of strong charge trapping eﬀects in the proposed
systems with more than two QDs. Charge trapping in
the system of linear QDs can occur at a particular ratio between the relaxation and coupling rates and is a
result of the interplay between coherent electron transport and noncoherent irreversible relaxation [45]. But
the author of [45] did not focus on the existence of three
typical time scales that are responsible for transport
dynamics in two coupled QDs [10, 46]. Consequently,
the problem of charge trapping in QDs and QDMs is
important in condensed matter systems from both the
fundamental and technological standpoints, but many
aspects of this problem remain unclear.
In this paper, we consider charge relaxation and
tunneling current–voltage characteristics in a system of
N interacting QDs located in the vertexes of a regular
polygon coupled to reservoirs. Diﬀerent QD numbers,
initial charge conﬁgurations, and coupling regimes to

1250

ЖЭТФ, том 149, вып. 6, 2016

Spatial-symmetry-induced dark states. . .

the reservoir are analyzed. We demonstrate that eﬀective charge trapping based on the spatial symmetry of
N ≥ 3 coupled QDs depends on the number of dots
and the way of coupling to the reservoir. We also reveal a symmetry blockade of the tunneling current and
demonstrate the presence of dark and bright states in
the proposed system. Dark states appear in the system
due to the spatial symmetry and the way of coupling to
the reservoirs, and there is no need in any additional
constraints on the system parameters (dots energies,
hopping amplitudes, and so on).
The considered system makes it possible to form
charge traps based on the spatial CN symmetry of a
system of N coupled QDs and to increase the trapping
eﬀect for a small number of QDs.

coupling is possible only between nearest-neighboring
QDs. To minimize the number of free parameters, all
the tunnel rates are set equal to T . We assume that the
single-particle level spacing in the dots is larger than all
the other energy scales, and hence only one spin-degenerate level ε within the QD spectrum is accessible. We
consider the case where all energies of single-particle
levels in the dots are the same, and therefore inelastic transitions between these levels play no role. We
furthermore assume the case where on-site Coulomb
repulsion is negligible, and therefore two independent
tunneling channels for the electrons with opposite spins
are present. The QD system is described by the Hamiltonian
Ĥdots =

N
−1


εc†jσ cjσ +

2.1. Time-dependent charge evolution due to
sudden switching to the reservoir
We consider relaxation processes in the system of N
identical coupled QDs that are located in the vertexes
of a regular polygon (Fig. 1a). The coupled QDs are
weakly connected to the substrate, such that there is no
charge transfer from the dots to the substrate. Electron
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where the operators
correspond to the electron
creation/annihilation in reservoir continuous spectrum
states (p) with the energy εp .
The eigenvalues of the system of N interacting QDs
in the absence of coupling to the reservoir, which is
described by the Hamiltonian (1), diﬀer for the even
and odd number of QDs. For an even number of QDs
[2(k + 1) = N ],
λ0,k+1 = ε ± 2T,

0
Tpl Tpl
Tpl
3

λl = ε + 2T cos

Tpl
Tpl

(1)

where we assume the hopping amplitudes T to be independent of momentum and spin, and c†jσ /cjσ are the
creation/annihilation operators of electrons in the QDs.
Electronic states in the reservoir are described by the
Hamiltonian

Ĥres =
εp c†pσ cpσ ,
(2)

Tpl 0

d

T c†jσ cj  σ ,

σ,j=j 

σ,j=0

2. THE MODEL

N
−1


Tpl

(3)

with the index l = 1, 2, . . . , k, k + 2, . . . , N − 1. For an
odd number of QDs (2k + 1 = N ),

1

λ0 = ε + 2T,

1
Tpl

Tpl Tpl

πl
,
k+1

λl = ε + 2T cos
2

Fig. 1. Schematics of the models: a) N coupled single-level
QDs with the same energy levels ε; b ) three coupled single-level QDs; c) four coupled single-level QDs. The QD occupations can be measured via the current passing through a
nearby quantum point contact capacitively coupled to the dot;
d,e) schematics of diﬀerent coupling regimes to the reservoir

2πl
,
2k + 1

(4)

with l = 1, 2, . . . , N − 1.
Consequently, for an even number of QDs, two nondegenerate energy levels always exist, and all the other
energy levels in the spectrum are degenerate. In the
case of an odd number of QDs, only one nondegenerate
energy level is present, and the other energy levels are
doubly degenerate.
Due to the spatial symmetry of the interacting QDs
system, Hamiltonian (1) commutes with the rotation
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operator U = exp(iϕ0 lZ ), which performs rotation
through the angle ϕ0 = 2π/N , and therefore the eigenfunctions of the system have the form
⎛
⎞
1
⎜
⎟
exp(iϕ0 l)
⎜
⎟
⎟
1 ⎜
⎜
⎟,
(5)
|ψl  = 1/2 ⎜
exp(iϕ0 2l)
⎟
N
⎜
⎟
...
⎝
⎠
exp(iϕ0 (N − 1)l)
where l = 0, 1, 2, . . . , N − 1.
The wave functions in the eigenstate basis |ψl  can
be expressed through the wave functions |j (a column
with the only the jth element equal to unity and all the
other elements equal to zero) of the initial QD basis:
|ψl  =

1
N 1/2

N
−1


j|ψl |j =

j=0

=
|j =

1
N 1/2

1
N 1/2

N
−1


exp(iϕ0 jl)|j,

j=0

(6)

N
−1


ψl |j|ψl  =

1
N 1/2

N
−1


exp(−iϕ0 jl)|ψl .

l=0

where Tp is the tunneling amplitude between QDs and
the reservoir. We assume the density of states in the
reservoirs ν0 to be weakly dependent on energy, with
the tunneling rate γ0 deﬁned as γ0 = πν0 Tp2 N . When
the reservoir is switched to the center of the polygon, we
can rewrite the initial QD Hamiltonian (1) and tunneling Hamiltonian (7) in the basis of system eigenstates,
taking expression (6) into account:

l=0

where fp is the distribution function for the continuous
spectrum states in the reservoir.
Another situation under investigation corresponds
to the case where tunneling to the reservoir is possible
only from two QDs. Such a situation occurs when the
reservoir is situated in the symmetry plane of the segment [j, j + 1] between neighboring polygon vertexes
outside the polygon (Fig. 1d,e). Tunneling processes in
this case are described in the QDs basis by the Hamiltonian

Ĥtun =
[Tp c†pσ (cjσ + cj+1σ ) +
+ Tp∗ (c†jσ + c†j+1σ )cpσ ]. (10)

σ,p,i

εl ψl+ ψl +



(9)

σ,p

We now introduce and analyze the results for three
diﬀerent possible experimental realizations of the QD
system coupling to the reservoir (for example, the scanning tunneling microscope tip can play the role of the
reservoir). The ﬁrst situation is where the local coupling takes place directly in the center of the regular
polygon with the QDs at the vertexes (Fig. 1d,e). In
this case, all the dots are coupled to the reservoir with
the same tunneling amplitude Tp . Tunneling processes
in such a system can be described in the QD basis by
the Hamiltonian

Ĥtun =
Tp c†pσ ciσ + Tp∗ c†iσ cpσ ,
(7)

Ĥ =

∂n0
= −γ0 (n0 − fp ),
∂t
∂nl
= 0,
∂t

l=0

=

N


Tunneling to the reservoir in this system geometry
is possible only from the state with l = 0 for both
odd and even numbers of QDs in the system. Consequently, the system of equations for the time evolution
of the electron ﬁlling numbers in the basis of QD system
eigenstates has the form

With the use of expressions (6), we can rewrite initial
QD Hamiltonian (1) and tunneling Hamiltonian (10)
in the basis of system eigenstates:
Ĥ =

N
−1

l=0

εl ψl+ ψl +

N
−1


∗ +
Tpl c†pσ ψlσ +Tpl
ψlσ cpσ , (11)

σ,p,l=0

where
Tpl = Tp (exp{−iϕ0 jl}+ exp{−iϕ0 (j + 1)l})N −1/2 .
Consequently, the initial tunneling amplitudes are
renormalized in this case and each state has its own
tunneling coupling strength with the reservoir Tpl . In
expressions (6), the wave functions for the initial QD
basis |j contain the operator c†j , which includes the
+
+
term l = k + 1: exp(−iπj)ψk+1
= ±1ψk+1
, and the op†
erator cj+1 , which includes the term exp(−iπ(j + 1)) ×
+
+
× ψk+1
= ∓1ψk+1
. Consequently, ψk+1 is not included
in the term that describes interaction with the reservoir. Hence, the system of equations for the time evolution of electron ﬁlling numbers in the basis of QD
system eigenstates in the case where l = k + 1 has the
form

+
N 1/2 Tp c†pσ ψ0σ + Tp∗ ψ0σ
cpσ . (8)

σ,p
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2
where γl = πν0 Tpl
N −1 . Therefore, the charge initially
present in the state with l = k + 1 is fully trapped.
The last situation under investigation deals with
tunneling to the reservoir from only one QD j. This
situation corresponds to the case where the reservoir
is situated directly above a single dot in the polygon
vertex (Fig. 1d,e). Tunneling processes in the QD basis
are described by the Hamiltonian

Ĥtun =
Tp c†pσ cjσ + Tp∗ c†jσ cpσ .
(13)

tip

a

gi
Substrate
EF
b

tip

gi

gi

Ĥ =

εl ψl+ ψl +

l=0

gi

gi

l1,2 = e

With the use of expressions (6), we can rewrite initial
QDs Hamiltonian (1) and tunneling Hamiltonian (13)
in the basis of system eigenstates,
N


gi

l0 = e + 2T

σ,p

N
−1


gi

l3 = e – 2T

EF – eV

EF



+
 †
Tpl
cpσ ψlσ +Tpl∗ ψlσ
cpσ , (14)

c

l0 = e + 2T

σ,p,l=0

= Tp exp(−iϕ0 jl)N −1/2 . Consequently, the
where
tunneling amplitudes are renormalized in this case, but
each state ψl is coupled to the reservoir with the relaxation rate γl . The system of equations for the time
evolution of electron ﬁlling numbers in the basis of QD
system eigenstates has the form

l1,2 = e –T


Tpl

∂nl
= γl (nl − fp ),
∂t

(15)

EF – eV

Fig. 2. a) Schematics of the QD localization between two leads
of a tunneling contact, the substrate and the tip; b,c) Schematics of dark and bright states for four and three dots in the
system respectively



where γl = πν0 Tpl2 . Consequently, charge trapping
does not occur in the coupled QD system in this case.
Because we are interested in speciﬁc features of the
nonstationary time evolution of the initially localized
charge in coupled QDs, we consider the situation where
the condition (ε − εF )/γ  1 is fulﬁlled. Our investigations deal with the low-temperature regime when
the Fermi level is well deﬁned and the temperature is
much lower than all typical relaxation rates in the system. Consequently, the distribution function of electrons in the leads (band electrons) is a Fermi step. For
simplicity in what follows, we consider charge relaxation processes in the system of three (odd) and four
(even) QDs. The obtained results for diﬀerent initial
charge conﬁgurations and diﬀerent coupling regimes to
the reservoir in the cases of three and four interacting
QDs are discussed in Sec. 3.

to the substrate is allowed. Another lead is formed due
to the coupling with the scanning tunneling microscope
(STM) tip, which is switched to the system at t = 0.
Electronic states in the reservoirs are now described
by the Hamiltonian


Ĥres =
(εp − eV )c†pσ cpσ +
εk c†kσ ckσ ,
(16)
σ,p

σ,k

where the operators c†p(k) /cp(k) correspond to electron
creation/annihilation in the reservoir continuous spectrum states (p(k)) with the energy εp(k) ; eV is the applied tip bias voltage.
Tunneling processes in such a system can be described in the QD eigenstate basis by the Hamiltonian

∗ †
Ĥtun =
Tpl c†pσ clσ + Tpl
clσ cpσ +
σ,p,l

+

2.2. Nonequilibrium tunneling current in the
presense of a second reservoir



∗ †
Tkl c†kσ clσ + Tkl
clσ ckσ , (17)

σ,k,l

We also consider the situation where the system of
QDs is situated between two leads of a tunneling contact. All planar QDs are directly coupled to the substrate (its “own” reservoir) (Fig. 2a), which is considered as one of the leads, and therefore charge transfer

where Tp(k)l are the tunneling transfer amplitudes between the eigenstate l of the QD system and the reservoirs. If the density of states in the reservoirs ν0 is
weakly dependent on energy, the tunneling rate γp(k)l
2
is deﬁned as γp(k)l = πν0 Tp(k)l
.
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The tunneling current–voltage characteristics and
stationary occupation of QDs now depend on the way
of coupling to both reservoirs. We ﬁrst focus on the
case where the second reservoir (the STM tip) is locally
switched to the center of the regular polygon with the
QDs in vertexes. In this case, only one bright state
exists in the system (l = 0), which contributes to the
tunneling current due to the CN spatial symmetry of
the system (the system of coupled QDs returns to itself
under rotation through the angle 2π/N ). The energy
of this eigenstate is λ0 = ε + 2T . All other eigenstates
with energies λl are decoupled from the second reservoir (Tpl = 0, l = 0) and are therefore dark states (see
Fig. 2b,c), which do not contribute to the tunneling
current. These dark states directly correspond to the
states where charge trapping occurs in the relaxation
problem.
At the initial instant t = 0, the electron occupation
numbers nl are stationary equilibrium ﬁlling numbers,
which are determined by interaction with the ﬁrst reservoir (the substrate with EF = 0):
nl (0) =

nst
l

1
=
π

γkl
dω fk (ω)
2 ,
(ω − λl )2 + γkl

(19)

1 γk0
×
π γ0
γ0
dω fk (ω)
×
(ω − λ0 )2 + γ02

n0 (t) = nst
0 exp(−2γ0 t) +

× (1 + exp(−2γ0 t) − 2 cos((ω − λ0 )t) exp(−γ0 t)) +
1 γp0
γ0
+
×
dω fp (ω)
π γ0
(ω − λ0 )2 + γ02
× (1+ exp(−2γ0 t)−2 cos((ω−λ0 )t) exp(−γ0 t)) , (20)
where γ0 = γk0 + γp0 .

1 γk0
π γ0

dω fk (ω)
+

1 γp0
π γ0

γ0
+
(ω − λ0 )2 + γ02
γ0
.
dωfp (ω)
(ω − λ0 )2 + γ02

Even for a zero applied bias (eV = 0), nst
0 diﬀers
from nst
0 due to the energy level width changing. The
tunneling current through the system is determined as

I=
dω 4γpl Im Gll (ω)(nl (ω) − fp (ω)), (21)
l

where [47]
Im Gll (ω) =

γl
.
(ω − λl )2 + (γl )2

States with l = 0 do not contribute to the tunneling
current (γpl = 0) and are therefore dark states. The
state with l = 0 determines the tunneling current
dω

(18)

The time-dependent occupation n0 (t) can be found
from the nonstationary Keldysh Green’s function [10]

×

nst
0 =

I=

where fk (ω) is the Fermi distribution function. When
the second lead is switched to the center of the regular
polygon, the state with l = 0 acquires an additional
tunneling rate γp0 , and hence the width of the eigenenergy level λ0 changes to γ0 = γk0 + γp0 . For the QD
eigenstates with l = 0, the widths of energy levels λl
and the tunneling rates γkl remain unchanged (γl =
= γkl + γpl with γpl = 0). Consequently, for t > 0, the
occupation numbers with l = 0 are determined by the
expressions
nl (t) = nl (0) = nst
l .

For t → ∞, the stationary occupation of the state
st
nst
0 changes to n0 due to the coupling to the second
reservoir:

4γk0 γp0
Im G00 (ω)(fk (ω) − fp (ω)).
γ0

(22)

When the second reservoir is switched to a single
dot in the polygon vertex (Fig. 1d,e), all the eigenstates λl contribute to the tunneling current, which is
determined by the standard expression

4γkl γpl
I=
Im Gll (ω)(fk (ω) − fp (ω)). (23)
dω
γl
l

In this case, there are no dark states in the system.
This is because a renormalization of the tunneling amplitudes occurs and each state ψl is coupled to the reservoir with its own relaxation rate γl and charge trapping
is absent in the proposed system geometry.
When the tip is situated in the symmetry plane
of the segment [j, j + 1] between neighboring polygon vertexes outside the polygon, only one dark state
appears for an even (N = 2(k + 1)) number of
QDs. The eigenstate with l = k + 1 is a dark
state, which does not contribute to the tunneling current. Due to the CN spatial symmetry of the system, wave functions for the initial QD basis |j contain the operator c†j , which includes the term l =
+
+
= k + 1, exp(−iπj)ψk+1
= ±1ψk+1
, and the operator
†
+
cj+1 , which includes the term exp(−iπ(j + 1))ψk+1
=
+
= ∓1ψk+1 . Consequently, ψk+1 is not included in the
term that describes interaction with the reservoir.
Current–voltage characteristics for diﬀerent ways of
coupling to the second reservoir are depicted in Fig. 6
and are discussed in the next section.
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Fig. 3. (Color online) Time evolution of the electron ﬁlling numbers (occupancies) in the case of three (a,c) and four (b,d)
interacting QDs when local coupling takes place directly in the center of the regular polygon with the QDs in vertexes. a and b
demonstrate time evolution of partial ﬁlling numbers in the case where all the system eigenstates are initially occupied. c and d
demonstrate time evolution of the full ﬁlling numbers in the case where all system eigenstates are initially occupied (black line)
and when the highest state with l = 0 is initially unoccupied (red line). The parameters εj /γ0 = 2.5, T /γ0 = 1.5, γ0 = 1, and
γl=0 = 0 are the same for all the ﬁgures; ϕ0 = π/3 and ϕ0 = π/2 for three and four dots respectively

3. RESULTS AND DISCUSSION

Time evolution of the electron ﬁlling numbers
strongly depends on the initial charge conﬁguration and
the way of coupling to the reservoir. The behavior of
partial and full occupancies of the coupled QD system
states obtained for three and four QDs is depicted in
Figs. 3–5. We ﬁrst consider the situation where local
coupling takes place directly in the center of the regular
polygon with the QDs in the vertexes (Fig. 1d,e). In
this case, all the dots are coupled to the reservoir with
the same tunneling amplitudes (see Fig. 3). For this geometry, tunneling to the reservoir is possible only from
the state with the highest energy ε + 2T (l = 0) for

both an odd (three, the blue line in Fig. 2a) and an
even (four, the green line in Fig. 3b ) number of QDs in
the system due to expressions (8) and (9). The charge
localized initially in the system states with lower energies — the double-degenerate state with the energy
ε−T in the case of three QDs (see the black dashed and
red lines in Fig. 3a) and the double-degenerate state
with the energy ε and a nondegenerate state with the
energy ε − 2T in the case of four QDs (see the black
dashed, blue dotted, and red lines in Fig. 3b ) — is
trapped in these states. The trapping eﬀect in the considered system geometry is the result of the QD system
symmetry, which results in the tunneling only from the
state with l = 0.
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Fig. 4. (Color online) Time evolution of the electron ﬁlling numbers (occupancies) in the case of three (a,c) and four (b,d )
interacting QDs when tunneling to the reservoir is possible only from two QDs. a and b demonstrate time evolution of partial
ﬁlling numbers in the case where all system eigenstates are initially occupied. c and d demonstrate time evolution of the full
ﬁlling numbers in the case where all system eigenstates are initially occupied (black line) and when the highest state with l = 0
is initially unoccupied (red line). The parameters and relaxation rates for three dots are εj /γ2 = 3.3, T /γ2 = 2, γ0 /γ2 = 4,
γ1 /γ2 = 3, and γ2 = 0.75. The parameters and relaxation rates for four dots are εj /γ0 = 4.45, T /γ0 = 2.6, γ0 = 0.56,
γ1 /γ0 = 2, γ2 /γ0 = 0, and γ3 /γ0 = 2. ϕ0 = π/3 and ϕ0 = π/2 for three and four dots respectively

The full system occupancies are shown in Fig. 3c
and Fig. 3d for three and four dots. The situation
where all the energy states are occupied at the initial
instant is shown in Fig. 3c,d by black lines. The full
occupancy time evolution depicted by the red line corresponds to the case where at the initial instant the
system state with the highest energy ε + 2T is empty
and all the lower energy states are fully occupied. It is
evident that charge trapping is present in both cases.
All charge is trapped in the system when only lower
energy states are occupied at the initial instant. When
all the system states are occupied at the initial instant,
the electron ﬁlling numbers undergo relaxation to the

reservoir, but the full system occupancy reaches a constant value when the charge localized in the state with
the highest energy becomes empty. In both cases, the
trapped charge amplitudes acquire the same value.
We now discuss the situation where tunneling to the
reservoir is possible only from two QDs, which happens
when the reservoir is situated in the symmetry plane
of the segment [j, j + 1] between neighboring polygon
vertexes outside the polygon (see Fig. 4 and Fig. 1d,e).
Due to expressions (11) and (12) in the case where the
considered QD system contains an odd (three) number
of dots, the charge trapping eﬀect does not exist (see
Fig. 4a,c) and each state demonstrates the initially lo-
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Fig. 5. (Color online) Time evolution of the full electron ﬁlling numbers (occupancies) in the case of three (a) and four (b )
interacting QDs when tunneling to the reservoir is possible only from one QD in the case where all system eigenstates are initially
occupied (black lines) and when the highest state with l = 0 is initially unoccupied (red lines). The parameters and partial
relaxation rates for three dots are εj /γl = 3.3, T /γl = 2, and γl = 0.75. The parameters and partial relaxation rates for four
dots are εj /γl = 4.45, T /γl = 2.6, and γl = 0.56. ϕ0 = π/3 and ϕ0 = π/2 for three and four dots respectively

calized charge relaxation with its own tunneling coupling strength caused by renormalization of the initial
tunneling amplitudes (see Fig. 4a). The nondegenerate
state has a larger relaxation rate than double-degenerate states (see the black line in the Fig. 4a).
The charge trapping eﬀect arises for an even (four)
number of QDs (see Fig. 4b,d). If all system states are
occupied at the initial instant, charge trapping takes
place only for the nondegenerate lowest-energy state
ε − 2T (see the blue line in Fig. 4b ). All other system
states demonstrate charge relaxation to the reservoir.
Double-degenerate states with the energy ε exhibit relaxation with the same rates (see the green dashed and
red lines in Fig. 4b ). The highest nondegenerate state
has a lower relaxation rate than the double-degenerate
states (see the black line in Fig. 4b ). The charge trapping eﬀect is well pronounced for the time evolution
of full occupancies (see Fig. 4c,d) when all the system
states are occupied at the initial instant and when the
charge localized in the state with the highest energy
level is initially empty.
The situation where tunneling to the reservoir takes
place from only one QD is rather trivial (Fig. 1d,e).
Expressions (14) and (15) demonstrate that tunneling
to the reservoir from all the states occurs for both an
odd and an even number of QDs in the case where all
system eigenstates are initially occupied (black lines in
Fig. 5) and when the highest state with l = 0 is initially
unoccupied (red lines in Fig. 5). Consequently, charge
trapping does not exist. The full system occupancies

in the case where all the energy states are occupied at
the initial instant are shown in Fig. 5 for three and four
dots.
Typical current–voltage characteristics for diﬀerent
types of coupling to the second reservoir for the system of three and four QDs are shown in Fig. 6. The
direct manifestation of the appearance of dark states
in the case where the second reservoir is coupled to
the center of the polygon is the presence of only one
step in the current–voltage characteristic, which corresponds to the bright state eigenenergy value λ0 (the
black lines in Fig. 6). On the other hand, when the
second reservoir is connected to a vertex of the polygon, all the eigenstates λl contribute to the tunneling
current. We can clearly see well-pronounced steps in
the current–voltage characteristic for the applied bias
equal to the eigenstate energies λl (the red dashed line
in Fig. 6). When the second reservoir is switched in
the symmetry plane of the segment [j, j + 1] for four
QDs, the step corresponding to eV = ε−2T (dark state
energy) is absent in the current–voltage characteristic.
For an odd number of QDs, there are no dark states
for such a way of switching to the reservoir (the blue
lines in Fig. 6).
We note that the same value of the on-site Coulomb
repulsion in QDs in the Hartree approximation (we consider identical QDs) does not disturb the spatial CN
symmetry and, consequently, the proposed system behavior is then the same.
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Fig. 6. (Color online) Tunneling current through the system of three (a) and four (b ) QDs. The black line corresponds to the case
where the second reservoir is switched directly above the center of the regular polygon. The red dashed line corresponds to the
case where the second reservoir is switched directly above a single dot in the regular polygon vertex. The blue line corresponds
to the case where the second reservoir is switched in the symmetry plane of the segment [j, j + 1]. The system parameters are
ε = 2 and T = 0.5 for three QDs and ε = 3 and T = 0.5 for four QDs. The tunneling contact is considered to be symmetric:
γkl = γpl

4. CONCLUSION

We analyzed the relaxation dynamics and current–voltage characteristics in a system of N interacting QDs situated in the vertexes of a regular polygon,
coupled to reservoirs. Diﬀerent numbers of QDs, different initial charge conﬁgurations, and diﬀerent coupling
regimes to the reservoir were analyzed. We demonstrated that the system symmetry results in the presence of double-degenerate and nondegenerate eigenstates
in the system spectrum. The number of nondegenerate
eigenstates diﬀers in the cases of even and odd number of QDs. We revealed that eﬀective charge trapping
caused by the CN spatial symmetry of coupled QDs depends on the number of QDs and the way of switching
to the reservoir. The obtained charge trapping eﬀect
is directly connected with the formation of dark states,
which are not coupled to the reservoir due to the system
spatial symmetry CN .
Charge trapping is always present and is most effective when coupling to the reservoir occurs in the
center of the polygon because tunneling to the reservoir is possible only from a single state with l = 0.
When the reservoir is located in the symmetry plane
of the segment [j, j + 1] between neighboring polygon
vertexes outside the polygon, trapping is possible only
for an even number of QDs in the system. Only for an
even number of dots there exists an eigenenergy state
that is not involved in the interaction processes between

QDs and the reservoir. Charge is not trapped when the
reservoir is coupled only to a single dot.
We also revealed a symmetry blockade of the
tunneling current. Tunneling characteristics of the
QD system with the CN spatial symmetry are also
determined by the way of coupling to both reservoirs.
It is possible that the eigenstate of an isolated QD
system is bright for one of the reservoirs and dark
for the other. The tunneling current ﬂowing through
such a state is impossible, even though the occupation
of this state depends on the value of the applied
bias. Such a state occupation can be changed due to
tunneling transitions to one of the reservoirs, but it
does not contribute to the tunneling current ﬂowing
through the whole QD system. The presence of such
states does not result in additional peculiarities in the
current–voltage characteristic. Hence, a symmetry
blockade of the tunneling current occurs.
This paper was supported by the RFBR (grants
№№ 16-32-60024mol-a-dk, 14-02-00434).
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