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Mobility of ele trons in quasi rystals is onsidered in the framework of the fra tional Fermi surfa e model, i.e., a
multi onne ted FS with many ele tronhole po kets. The Mott law for the variable range hopping ondu tivity
is obtained when intervalley s attering pro esses with small momentum transfer are taken into a ount. The
transition to the power law temperature dependen e is dis ussed.
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1. INTRODUCTION

Quasi rystals are materials that have a long-range
aperiodi atomi order and rotational symmetries that
are rystallographi ally forbidden for periodi stru tures (e.g. ve-, eight-, ten-, and twelwe-fold rotational
axes). Quasir ystals (QC's) usually are the intermetalli alloys, but their physi al properties dier from those
of the rystalline and amorphous metalli phases. Like
metals, quasi rystals have a nonzero ele troni ontribution to the spe i heat, although it is smaller than
the value al ulated within the free-ele tron model. At
the same time, the ele troni resistivity of quasi rystals at low temperature is anomalously high and inreases with in reasing the stru tural order and annealing the defe ts. The highest resistivity of all the
known quasi rystals o urs in i osahedral (i) Al-PdRe quasi rystal, where the value of resistivity at 4.2 K
ex eeds 1  m. Large values of the resistivity ratio R
 : K =
K), up to 200, are also observed for this material (the values of R are 1.1 for
i-Al-Li-Cu, up to 2 for i-Al-Cu-Fe, and about 4 for AlCu-Ru), whi h shows how perfe t the sample is [15℄.
In ontrast to the Matissen rule, where the resistivities
are additive, the ondu tivity of quasi rystals behaves
as 

 T over a wide range of temperatures, where 
is the residual ondu tivity at zero
temperature, and  T represents the T -dependent
part. Usually, 
in reases with the stru tural disor-
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der and  T in reases with in rerasing the temperature as  T / T [13℄. In a series of i-Al-Pd-Re
samples with dierent R, Gignoux et al. [3℄ obtained
< < : in the temperature range from 7 K to
700 K. Pier e et al. [4℄ measured the  T dependen e
of several i-Al-Pd-Re samples (with various R ratio)
and found the power-law dependen e with
in the
range 0.5 to 1 for temperatures from 0.45 K to 3 K.
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Dierent explanations of the transport properties of
quasi rystals have been proposed. Mu h attention has
been given to the power-law temperature dependen e of
 T . The role of the pseudogap in the density of states
(DOS) at the Fermi level, the role of quantum interferen e ee ts (weak lo alization and ele tron-ele tron
intera tions), proximity to the metalinsulator transition, the spiky stru ture of the ele troni spe trum, and
the riti ality of wave fun tions have been dis ussed in
onne tion with this problem (see the review arti les
by Poon [1℄ and Rapp [2℄). Fujiwara et al. [6, 7℄ tried
to obtain the  T dependen e on the basis of the band
stru ture and Fermi surfa e (FS) al ulations for rystalline approximants. Ma ia [8℄ gave a phenomenologi al des ription of  T based on the DOS model that
takes the pertinent experimental results into a ount.
The problem was analyzed by Burkov et al. [9℄, who
used the fra tional FS model, i.e., a multi onne ted FS
with many ele tronhole po kets. They onsidered the
intravalley and intervalley s attering pro esses in order
to explain the power-law dependen e of  T . They
also predi ted a zero value of  at T
K for the
perfe t QC (with no s attering enters) and a small
residual ondu tivity for dirty QC.
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Currently, the physi al origin of the high resistivity of intermetalli quasi rystalline alloys ompared to
other systems omposed only of metals is not well understood, and this has hallenged the experimentalists
to examine the possibility of a metalinsulator transition (MIT) in quasi rystalline systems and to investigate whether these materials are metalli . Re ent experiments on the perfe t i osahedral Al70:5 Pd21 Re3:5
quasi rystals have shown that at low temperatures,
their ondu tivity follows the Mott law for the variable
range hopping (VRH) ondu tivity,

 = 0 exp [ (T0=T )p ℄ ;

(1)

where p = 1/4 [1013℄. The temperature range
where the Mott law is fullled was found to be 0.45
10 K, 0.020.6 K, and 0.57 K a ording to Guo
and Poon [10℄, Delahaye et al. [12℄, and Wang et
al. [13℄, respe tively. In i-Al70:5 Pd21 Re8:5 x Mnx , it
was found that the VRH in luding the Coloumb intera tion (p
= ) an des ribe the experimental data
for < x < [10℄. The experimental data on bulk
i-Al-Pd-Re samples are rather ontradi tory. Dierent authors quote dierent values of T0 . A ording to
Refs. [10, 11, 13℄, T0 rea hes 100 K and is higher for
samples with higher R. On the other hand, in Ref. [12℄,
the very low value of T0  mK was given. However,
the lowest temperature rea hed in this experiment was
20 mK and the value of T0 was determined by extrapolation. Moreover, in Ref. [10℄, a small but nite value of
 was obtained, although it de reased with in reasing the perfe tness of the sample [11℄. At the same
time, in Refs. [12, 13℄, the ondu tivity was tted to
Eq. (1) without in luding any extra 
term, while
it was used by Guo and Poon [10℄ in order to analyse
their experimental data on ondu tivity. We note that
the presen e of a residual ondu tivity is quite possible, be ause the dierent ondu tivity hannels in QC
are parallel, and a nearly vanishing ondu tivity 
annot hide the VRH ondu tivity.
The o urren e of the Mott law (Eq. (1)) shows
that ele troni states in QC are lo alized and the sample is on the insulating side of the MIT. Qualitatively,
the possible role of the hopping ondu tion between
lo alized states in QC at low temperatures have been
previously dis ussed by several authors on experimental grounds [1, 3, 5, 14℄. Poon [1℄, Pier e et al. [14℄,
and Mayou et al. [5℄ dis ussed the possibility of explaining the power-law dependen e of  by a hopping
me hanism taking the riti ality of the wave fun tions
into a ount. Janot [15℄ onsidered this problem in
the framework of the hierar hi al luster model and
predi ted the ondu tivity that s ales roughly as T 3=2 .
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But the lo alization lengths  obtained experimentally
(we re all that T0 /  3 in a ordan e with the Mott
theory) are mu h larger than the separation,  Å, of
the ideal lusters that are assumed to be stru ture units
between whi h the ele trons hop in the Janot model. In
addition, in the subsequent paper [16℄, Janot proposed
that  : : : the power law T may be lost experimentally be ause of extrinsi ee ts due to stru tural defe ts, boundaries, and periodi approximant distorsion
whi h may restore the T 1=4 law of the Mott model.
That is, the existen e of the Mott law was related to
the presen e of disorder in QC, whi h ontradi ts the
experimental data. A rather interesting but unrealisti idea was put forward by Rivier and Durand [17℄
based on the results obtained for the one-dimensional
model. In order to obtain the VRH ondu tivity, they
suggested that the ele troni stru ture of a quasi rystal
looks somewhat similar to highly doped, p-type semiondu tors, but no reliable explanation of the Mott law,
Eq. (1), for quasi rystals was given.
In this paper, we pro eed on the ground of the band
stru ture theory to explain the VRH ondu tivity in
QC. Although the Blo h theorem does not apply to a
quasi rystal the ideas of the band stru ture theory an
be used to des ribe the transport properties of QC,
with the quasi rystalline state onsidered as a stru tural limit of a sequen e of rational periodi approximants with in reasing periods. Therefore, we take the
band stru ture ee ts into a ount that are spe i for
the quasi rystalline symmetry and use the fra tional
Fermi surfa e model [9℄ to explain the origin of the
VRH ondu tivity in QC. However, the hopping me hanism of ondu tivity involves hops between lo alized
states, and we therefore begin with the dis ussion of
the nature of lo alization in the regular and perfe t
QC without phasons and other distortions.
The paper is organized as follows. In Se . 2, the loalization of ele trons in quasi rystals is dis ussed. The
VRH ondu tivity is dis ussed in Se . 3. In Se . 4, the
rossover to the power-law temperature dependen e of
ondu tivity is onsidered.

20

2. LOCALIZATION OF ELECTRONS IN
QUASICRYSTALS

For amorphous alloys, granular metal lms, and
doped semi ondu tors the ele troni lo alization plays
an important role in the low-temperature ele tron
transport. For the above systems, the lo alization of
ele trons is known to arise from disorder. But the obje t of our dis ussion is the origin of lo alization in
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QC. The Al-Pd-Re QC is a highly ordered material
with very sharp X-ray dira tion spots, and as mentioned above, improving the perfe tion of the quasilatti e order has been found to lead to in reasing of the
resistivity.
The experimental results for i-Al-Pd-Re show that
at low temperatures, the regular and perfe t quasi rystal behaves as a material in the Fermi-glass state, that
is, the DOS is nite at the Fermi level, but the ele trons are lo alized. This lo alization in a QC is a onsequense of the oherent interferen e of the ele troni
states aused by the spe i symmetry and the stru ture of the material, and the more perfe t the material
is, the more lo alized the ele trons are. Whereas in
a disordered metal or a heavily doped semi ondu tor,
the origin of the lo alization is the destru tion of the
phase oheren y of the wave fun tions due to disorder (the Anderson lo alization), in the QC, the phase
oheren y of the wave fun tions is the main sour e of
lo alization. The following simple observations an justify this on lusion.
First, within the six-dimensional periodi des ription of the i osahedral stru ture, it is obvious that ea h
s attering wave ve tor in the quasi rystal orresponds
to a re ipro al wave ve tor in the periodi stru ture
of a higher dimension. Thus, the set of the re ipro al
latti e ve tors densely lls the re ipro al spa e of the
quasi rystal, and all the ele tron states at the Fermi
level have zero group velo ity (the standing waves) due
to the Bragg ree tions (evidently, with dierent intensities), i.e., due to the onstru tive interferen e of the
ele tron states at the Fermi level.
Se ond, it is onvenient to elu idate this pi ture by
onsidering the quasi rystal as a stru tural limit of a sequen e of rational approximants ( rystal analogs) with
an in reasing latti e period. The Brillouin zone (BZ)
volume is diminished with in reasing the order of the
approximant be ause the latti e period in reases, and
the BZ volume be omes innitely small ( h3 ) in the
quasi rystalline limit. Therefore, employing the usual
approa h to the onstru tion of the FS [18℄, one an see
that in the hierar hy of higher-order approximants, the
energy bands are folded down and the FS be omes fra tional in the quasi rystalline limit, namely, it is multi onne ted with a large number of ele tron and hole
po kets, and for atomi ally ordered perfe t QC as
was pointed out by Poon [1℄, the ele tron states must
be lo alized at zero temperature, be ause the strong loalization ondition kFi l  (where l is the mean free
path and kFi is Fermi momentum) is satised for the
ele trons in ea h valley i. Therefore, ea h valley plays
a role similar to that of a lo alization enter in a disor-
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dered obje t. Hen e, there is a formal analogy between
a well-ordered quasiperiodi obje t with a fra tional FS
and a disordered metal or a heavily doped semi ondu tor. This analogy helps one to explain the o uren e of
the Mott law in perfe t quasi rystals at very low temperatures, be ause the ele trons in lo alized states an
parti ipate in ondu tivity only via hopping between
lo alization sites.
3. VRH CONDUCTIVITY IN QC

Mott was the rst to point out that at low temperatures, the most frequent hopping pro ess would not
be the hopping to a nearest neighbour [19℄. To explain the ondu tion with an a tivation energy monotoni ally de reasing with de reasing the temperature,
Mott proposed a model where in strongly lo alized systems with a su iently high density of states N EF
near the Fermi level, the states that are optimal for
ondu tion a umulate loser and loser to the Fermi
level as T de reases. Thus, the a tivation energy dereases, while the hop length grows with de reasing the
temperature. The simplest arguments were as follows.
Within a radius R around a given site, the total number
of ele tron states near the Fermi energy is

( )

4 R3N (EF );
(2)
3
and the lowest a tivation energy E for a hopping proess at the distan e



R is re ipro al to Eq. (2),

E = 43 R3N1(EF ) :

(3)

Therefore, E de reases with in reasing the hopping
range. But hopping by a large distan e involves tunneling with the probability proportional to
R,
where =
 is the de ay length of the lo alized wave
fun tion. Therefore, there exists an optimum hopping
distan e Ropt , for whi h the expression

exp( 2 )

1 =

exp( 2 R) exp( E=kB T )

(4)

has a maximum. This maximum o urs at the minimum value of the exponent

3
1
2 R + 4R
3 N (EF )kB T ;

(5)

whi h gives

Ropt =
205
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Inserting Ropt in (4), we obtain that the hopping probability, and hen e the ondu tivity, is given by Eq. (1)
with p
= and

=1 4

1

:
T0  3
 N (EF )

(7)

We now onsider the quasi rystalline state. In the
fra tional FS model with a pra ti ally innite number
of valleys, all the ele trons in the atomi ally ordered
quasi rystal are lo alized at zero temperature. At a
nite temperature, the s attering of an ele tron from
a parti ular valley to the state in a neighboring valley an o ur not only due to thermal exitation but
also due to tunneling via the gap formed by Bragg ree tions. At very low temperatures, the pro ess with
a higher probability is the s attering with a small momentum transfer; in the real spa e, that orresponds to
a hopping by a large distan e. But the tunneling and
orrespondingly, the large-distan e hopping is a ne essary pro ess for the VRH me hanism. Thus, following
the Mott pro edure [19℄ and using expression (5), we
immediately obtain Eq. (1). The Mott formalism usually fails when R <  or T0 < T . But in the ase of
a quasi rystal, it is always possible to nd a state for
whi h T0 < T , even though R >  . As a matter of fa t,
the material with a fra tional FS has a hierar hy of
lo alization lengths. Therefore, the hara teristi temperature T0 an hange from sample to sample in an
arbitrary way.
This mesos opi al situation is typi al of QC and
onventional disordered systems in the vi inity of
MIT [20℄. It is known that in amorphous alloys and
heavily doped semi ondu tors, the ele tron wave fun tions show a hara teristi hange from lo alized to extended behavior be ause of this transition. This orresponds to a hange from the states that do not enable transport in the limit of vanishing temperature to
the states that do, thereby distinguishing the insulating and metalli hara ter. In the lo alized regime, the
spatial behavior of the wave fun tions is usually des ribed by an exponential de ay length ree ting the
spatial extent of the wave fun tion, whereas on the
metalli side, the wave fun tions are extended. As the
MIT is approa hed, the lo alization length diverges.
Close to the MIT, the lo alization length is already
mu h greater than the numeri ally a essible system
size, and therefore, there an be no dire t ree tion of
the lo alization in the al ulated eigenstates. Exa tly
at the MIT, where the hara teristi length s ale is absent, the eigenstates show fra tal hara teristi s and
the wave fun tions are riti al. However, hara terizing the eigenstates and wave fun tions at the transition
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point requires a more general on ept of multifra tality.
This implies that dierent parts of the same eigenstate
must s ale with dierent exponents, thus extending the
simple fra tal pi ture that omprised only one s aling
exponent. S hriber and Grussba h found that at the
ryti al point of the D Anderson model, strong u tuations of the wave fun tion amplitudes display the
multifra tal hara ter on all length s ales and the singularity spe trum of the riti al wave fun tion does not
depend on the system size [21℄. The same state is typi al of QC [11℄. As shown in Ref. [22℄, most of the
wave fun tions in a three-dimensional i osahedral QC
are riti al and their ele troni spe trum ontains a singular part. The situation is mesos opi , and it is possible to experimentally obtain dierent values of T0 for
dierent samples (see Refs. [1013℄). We also note that
the fra tional FS model implies that the VRH me hanism eases to work beginning with some min , when
tunneling probability be omes negligibly small.

3

The VRH me hanism in the fra tional FS model depends on the stru ture of the FS; for a perfe t material,
the VRH ondu tivity must always exist in bulk samples and in lms. Re ently, it was shown by Rosenbaum
et al. [23℄ that some thin (2200 Å) i osahedral lms
of Al72 Pd20 Re8 prepared by magnetron sputtering exhibit insulating transport properties down to 0.07K
where their resistivity follows an a tivated Mott VRH
law. Although we did not onsider the role of ele tron
ele tron intera tions, it is possible to assume that with
de reasing the temperature, the Mott law (T 1=4 ) is
followed by the EfrosShklovskii law (T 1=2 ). Although it is di ult to distinguish between T 1=4 and
T 1=2 dependen es experimentally, one ould observe
this rossover on the high-quality i-Al-Pd-Re samples
with a high resistan e ratio R.
In ontrast to the Anderson lo alization, the lo alization of ele trons in quasi rystals is due to onstru tive interferen e (phase oheren e) of the wave fun tions and is unstable with respe t to small perturbations [22℄. The system an therefore be driven to the
metalli side of MIT by in reasing the temperature or
the number of imperfe tions. Moreover, in a dirty
obje t at the temperatures larger than approximately
10 K, the ele troni states are smeared by the inelasti
s attering pro esses that wash out the ne details of
the FS with a large number of po kets and lead to the
FS with an ee tively nite number of po kets, depending on the perturbations [13℄. When the number of FS
po kets is nite, the VRH me hanism does not work,
and the rossover to another temperature dependen e
must o ur.
206
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=2 3

4. HIGH-TEMPERATURE CONDUCTIVITY

In a real quasi rystal one must take the smearing
of ele tron states in the momentum spa e into a ount.
Be ause the energy of a quasiparti le is dened with the
un ertainity Æ" 
T; ~= , where T is the temperature and  is the ele tron relaxation time, the splitting
of the FS within the pro edure des ribed above makes
sense as long as the hara teristi size of the po kets
is larger than Æ". This leads to the FS with a nite
number of ele tronhole po kets with the size of the
po ket dened by the un ertainity of the ele tron energy. This also leads to a nonmetalli regime of the
ondu tivity aused by an intravalley s attering. At
these onditions, the VRH me hanism does not work,
be ause the intervalley s attering with the small momentum transfer is inee tive. On the ontrary, the
momentum transfer that is now required for the intervalley s attering is large (of the order =a, where a is
the quasilatti e onstant). In the FS model with a nite number of valleys, the temperature-dependent ondu tivity is governed by the intravalley and intervalley
pro esses. As shown in Ref. [9℄,  is inversely proportional to the s attering relaxation time and should
in rease with in reasing the temperature a ording to a
power law dependen e. However, the high-temperature
region (T > u=a  D , where u is the sound velo ity,
and D is the Debye temperature) has not been onsidered previously, and we now appropriately analyze this
regime. In this region, the temperature dependen e of
 is governed by the ele tronphonon intervalley s attering pro esses and a sharp de rease of the ele tron
phonon s attering time should be observed, a ompanied by the orresponding hange in the hara ter of
ondu tivity.
We onsider the probability for an ele tron with the
momentum in a tiny po ket of the Fermi surfa e to
be s attered by a phonon to the free ele tron state with
the momentum 0 . This probability is given by

max(

)

the diameter 0 , we have ne =EF
= ). To obtain
the ele tronphonon relaxation time 0 , we must integrate Eq. (8) over and 0 . This integration pro edure
is similar to those for the ele tronphonon relaxation
time al ulation in usual metals: the integration over
the modulus of 0 eliminates the delta fun tion; the intergration of the Fermi distribution fun tion over the
modulus of gives the so- alled stru tural fa tor. The
remaining angular integrations an then be easily redu ed to an integral over the angle between the ve tors and 0 . After the nal integration over , we
nd the equation for 0 for the hypotheti al metal with
one tiny valley,

k

k

k

k



k

k

w(k; k0 ) = g2 (K) Æ(k

k ~!q )n0q fk0 (1 fk0 ) +

k + ~!q)(n0q + 1)fk0 (1 fk0 ) : (8)
0

0

+ Æ(k
Here, K = k0 k, q + g = k0 k (where g is a re0

0

ipro al latti e ve tor), !q is the phonon energy, nq is
the BoseEinstein distribution, fk is the p
FermiDira
distribution, and g
 ne =EF
= Ni Mi !q is
the matrix element of the ele tronphonon intera tion,
where ne is the ele tron density at the Fermi level,
is the phonon polarization ve tor, Ni and Mi are the
ion density and mass, respe tively (in the ase where
the Fermi surfa e po ket is onsidered as a sphere of

(K) = (

)(Ke)

e



k



k0 qD6
T 5
1
0 = 2

 mNi Mi D D
ZD =T



1



k



0

(1

e



z5

z

)(ez 1) ;

(9)

where qD and D are the Debye wave ve tor and temperature, respe tively. For the obje t with the N omponent Fermi surfa e under the onditions of the
valley uniformity, we obtain e 1ph
N0 1 , where N
is a parameter of the model. The ee tive number N
of the FS ele tronhole po kets an be estimated using X-ray or ele tron dira tion experiments, from the
amount of the main strong Bragg ree tions that satisfy the ondition
F ( is a ve tor of the sixdimensional re ipro al latti e) [1℄, in luding the multipli ity fa tor.
In dis ussing the appli ation of these relations to
quasi rystals, one should remember that the ele tron
phonon intera tion an hange the ele tron momentum
only by a small amount, of the order T=u. We again
note that a large momentum transfer is ne essary for
the intervalley s attering to o ure. Hen e, there exists
a hara teristi temperature T   u=a  D , below
whi h the phonons are unable to s atter the ele trons
from one po ket to another, thereby permitting only
the intravalley pro esses. A ordingly, the ele tron
phonon s attering me hanism is inee tive for the temperatures T < T  be ause Eq. (7) does not ontain the
fa tor N  . Hen e, we an negle t the ele tron
phonon s attering in the low-temperature region and
onsider the high-temperature limit of Eq. (9) only.
The integral in Eq. (9) is then proportional to =T 4
and we nd that the ele tronphonon relaxation time
at high temperatures is given by

=

G = 2k G



1

( )

e 1ph  Nq4 k0 (Ni Mi u2m) 1 T:

Be ause the probability of the ele tron s attering by
phonons is linear in T , it is easy to show, using the
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results of Ref. [13℄, that the temperature dependen e
of the ondu tivity at high temperatures must be linear. We note that a ording to some experimental data,
the  T dependen e at high temperatures for some
i-quasi rystals is indeed nearly linear [2, 24, 25℄.
We nally estimate the ondu tivity at zero temperature. The relaxation of the ele troni momentum
on the stru tural imperfe tions results in a nite value
of  , in analogy with metalli systems. On the other
hand, it was found that 
is proportional to the onentration of the stru tural imperfe tions, in ontrast
to the usual metalli Drude-like ondu tivity [9℄,

( )

(0)

(0)  e2 ~ 1 N 2 m2 nimp jU0 j2 ;
where jU0 j is the amplitude of the Born s attering
of an ele tron by the stru tural defe ts, m is the
ele tron mass, and nimp is the on entration of defe ts. To he k the agreement of the predi ted data
with the experimental ones, we numeri ally estimate
the magnitude of  . With the rough assumptions
jU0 j  8 m (atomi radius) and nimp  22 m 3 ,
we immediately obtain 
 N 2 1  m 1 ℄. For
N , we an assume a reasonable value of about one hundred [1℄, whi h gives the reasonable estimation for  .
5, 
For the imperfe tion on entration nimp 
1
1
is about
 m , whi h approximately orresponds
to the experimental values for the perfe t Al-Pd-Re alloys with the high resistan e ratio R [2℄.

10

(0)

(0) 10

[

10

10

1

(0)
(0)
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nite number of po kets due to smearing, and the
ondu tivity be omes power-law temperature dependent. The estimate made in the framework of the
fra tional FS model predi ts that at high temperatures
(T > D ), the ondu tivity should linearly depend on
the temperature. Finally, it is worth noting that we
have onsidered only the role of the band stru ture
ee ts and did not dis uss either the inuen e of the
quantum interferen e ee ts, whi h an be important
for a material with a low value of the resistan e ratio
R, or other possible me hanisms of the ondu tivity
in QC. In addition, we based our onsideration only
on the experiments arried out for the i-Al-Pd-Re
quasi rystal. Although the s attering me hanisms in
dierent types of QC may be dierent, we believe that
our on lusions about the me hanism of ondu tivity
in QC in the framework of the fra tional FS model are
quite general.
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