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Results are presented of an experimental study of the linewidth of cyclotron resonance under strong
quantization conditions on the scattering of electrons by acoustic phonons. The measurements were
performed in the 2....{).4 mm wavelength range at temperatures between 10 and 1.4 OK. A number of
singularities were observed in the temperature and frequency dependences of the cyclotron linewidth.
These can be ascribed to the effect of inhomogeneous broadening due to nonparabolicity of the
electron spectrum, which is renormalized as a result of interaction with acoustic phonons.

The present paper is devoted to experimental study
of the line width of cyclotron resonance (CR) of electrons in Ge under the conditions of strong quantization
(quantum cyclotron resonance) and acoustic scattering.
The results that are obtained are explained by means of
the theory of inhom0 eneous line broadening of quantum
cyclotron resonance. 1]

has been shown that for acoustic scattering in the region
f3,$ 1, the resonance frequency of the electron generally
turns out to be dependent on E, thanks to renormalization
of the electron spectrum as a consequence of interaction
with phonons. The scattering leads to a shift in the
electron energy by amounts (in units of liwd aEo( E) and
aE 1( E) in the zeroth and first Landau bands, respectively. The corrections aEo( E) and aE 1( E) are negative
1. In a quantizing magnetic field H( a = liwc/kT > 1,
and have minima at E= E(O) and E= E(l) , E (0)_ E(ll- a- 1f3
wc=eH/m*c, T is the temperature in energy units), the
and E(O) < E(ll (the latter is connected with the different
wave vector of the electron is of the order of r1, where
forms of the wave functions in the first and second bands).
l = (clileH)1/2 is the magnetic length. The wave vector of
Therefore, for an electron with an unperturbed longithe phonons that interact effectively with electrons is also
tudinal energy E, the resonance frequency wp( E) (partial
of the order r1, and their energy -livoll (vo is the speed
frequency) turns out to be dependent on E: wp( E) = Wc
of sound). Thus, the energy of the characteristic phonon
+7](E), where 7](E)=wdaE1(E)-aEo(E)] is the partial freis regulated by the magnetic field.
quency shift. The absorption curve of electrons with a
In the state of thermodynamic equilibrium, at a > 1 ,
given E has a maximum at the frequency wp( E) and a
the electrons are found in the zeroth Landau band. Uncertain half-width owp( E), which is determined by disder the action of an electric field E.L H of frequency
sipative processes. The presence of a partial shift leads
to the result that the frequency spectrum is smeared out
w = wc, the electrons undergo a transition from the zero
band to the first band. The high-frequency current that
over the interval 07] which is run through by the function
is developed in this case relaxes as a consequence of
7]( E) on variation of E in the region near the mean value
scattering. The relaxation is due to transitions inside
E= £" - a-I. If the 7]( E) dependence is weak (the renorthe zero and first Landau bands (intraband transitions)
malized spectrum remains approximately parabolic), then
and transitions from the first band to the zeroth (interow= OWpCE). In the opposite case, the cyclotron resonance
band transitions). At hVoll« liwc (this is satisfied in all
line is an envelope of partial lines which are continuknown experiments on quantum cyclotron resonance), the ously distributed in the interval OTl, and the halfwidth
interband scattering is elastic. So far as intraband
of the line ow turns out to be greater than oWp(£"), Inscattering is concerned, we must distinguish two cases
homogeneous broadening of the cyclotron resonance line
here: f3=-livoILT« 1 and f3~ 1. In the first case, the
arises due to the nonparabolic nature of the electron
phonon energy is much less than the kinetic energy of
spectrum, which is renormalized thanks to the interacmotion of the electron along the magnetic field-the intion with phonons. We emphasize that the inhomogeneous
traband scattering is elastic. In the second case, the
broadening is of the same order in the coupling constant
intraband scattering becomes inelastic.
as the dissipative line width. In this sense, it is not
small, no matter how small the interaction.
Formulas were obtained in [2] for the line half-width
ow at f3« 1 and f3» 1. Measurements were also carried
In comparison with the previously published
papers [2_4], the measurements in the present study
out in the region f3« 1, the results of which agreed we 11
with the calculation. Experiments at f3» 1 are much
were carried out over a much broader range of fremore difficult because they require significantly higher
quencies and temperatures. The maximum values of a
frequencies and lower temperatures. Therefore, exand f3 are 20 and 1.4, respectively. In the region f3 - 1,
periments have been carried out to date only for f:J" 1 P,4] a number of features were discovered in the dependence
Extrapolation of these results in the region T - 0 leads
of ow on the frequency of the radiation and the temperto values of ow which greatly exceed the half-width calature which are naturally explained by the effect of
culated in [2] for f3» 1. Thus, the problem of the line
inhomogeneous broadening.
width in the inelastic case remains unclear to the pre2. Measurements of the cyclotron resonance line
sent time.
width were carried out on samples of pure n-Ge (the
One of the authors [1] has constructed a theory of the
number of acceptor and donor impurities was Na + Nd
width of the quantum cyclotron resonance line on the
< 10 12 sm -3) at frequencies f = WC/27T = 300-750 GHz, and
basis of the quantum kinetic equation. In particular, it
in the range of liquid-helium temperatures 1.4-10"1<:.
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At such a small concentration of impurities and such
high frequencies, we can assume that electron scattering
takes place only from acoustic phonons. [5,6) Interelectronic interaction could be left out of account, since the
concentration of electrons was small even at the highest
temperatures (see below).
The concentration of free carriers that was necessary
for indication of cyclotron resonance was produced at
temperatures 1.4-6"K by ionization of donor centers by
irradiation of the upper part of the cryostat (Tbackg
=300"K). At higher T, the concentration was close to
equilibrium. The prinCipal measurements were based
on the change of the static conductivity of the sample at
cyclotron resonance. [7) It is well known that in pure
semiconductors at low temperatures, the conductivity of
the sample depends on the electric field. The absorption
of microwave power under conditions of cyclotron resonance leads to a resonant change in the static conductivity of the sample, which is recorded by means of the
change in the fixed bias of its contacts. The block diagram of the measurement apparatus is shown in Fig. 1.
Low-frequency-modulated microwave radiation (a
backward-wave tube was used as the microwave source,
see Fig. 1) was supplied via the quasioptical channel
to the sample 1 of n-Ge, which was placed in the magnetic field of a superconducting solenoid 2. The sample
was connected into a dc circuit. The change in the fixed
bias that is developed on absorption of microwave radiation under cyclotron resonance conditions is recorded by
the usual low-frequency circuit (the low-frequency amplifier V6- 2, synchronous detector SD-1, recording
instrument BPP). Recording of the line takes place on
variation of the magnetic field about the resonance value.
As a control, some of the measurements were based
on absorption. The radiation detector was an n-InSb
detector 3, which was placed in the quasioptical channel
behind the Ge sample, outside the magnetic field of the
solenoid. To bring about a balance indication, the sample was illuminated by modulated interband light. The
cyclotron resonance lines obtained by the two methods
were identical.
The temperature of the sample was varied by pumping out helium vapor at T < 4.2"K. In the case of meas-

urements above 4 "K, the measurement channel, which
was placed in the cryostat, was put in a jacket containing helium vapor under low pressure. The temperature
was raised with a wire heater and the measurement was
made with an Allen-Bradley 4 carbon resistor, which
was pressed against the sample. Its dimensions were
considerably smaller than the dimensions of the sample.
The accuracy of the temperature measurement was no
worse than 0.1 "K.
The samples had the shape of parallelepipeds of
dimensions 5 x 5 x 1 mm, with ohmic contacts on the
faces, before fusion of which the samples were polished
and etched in boiling H20 2 solution.
The microwave power at all frequencies and the
fixed bias did not exceed -10- 6 Wand 0.1 V/cm, respectively. Under these conditions, there were' no changes in
the width or shape of the cyclotron resonance line as a
function of the value of the absorbed power or fixed bias.
The concentration of free carriers in the sample was
determined from galvanomagnetic measurements. It
varied in the limits 108 _10 10 cm - 3. Her e the absorption
coefficient of submillimeter radiation did not exceed
-0.1 at the highest temperatures. The cyclotron resonance was measured for electrons belonging to one of
the minima of the Ge conduction band in a magnetic field
parallel to the axis of rotation of the mass ellipsoid of
this minimum. The values of a and {3 for the frequencies and temperatures used in the experiment are given
in the Table.
3. The results of measurements of ow(T) at f =const
are shown in Fig. 2a. Similarly marked points correspond to the same frequency. The straight line I corresponds to oWCl-T 3 / 2 • This dependence has been obtained repeatedly from measurements in the classical
range a« 1 (see, for example, [6)). The straight line
II indicates the slope ow - Tl/2. For clarity, the curves
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FIG. I. Block diagram of the expenmental apparatus: I-investigated
sample; 2-superconducting solenoid; 3-radiation detector; 4- carbon
thermometer; S-attenuator; 6~·frequency meter; 7-illumination source;
M-modulator, BWT-backward-wave tube; V6-2-low-frequency amplifier; SD-I-synchronous detector, BPPs-recording instrument.
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FIG. 2. a) Temperature dependences of ow for frequencies f: A-131
GHz; .-337 GHz; 0-428 GHz; X-SOO GHz; "'-746 GHz; the ticks on
the axis of ordinates give the values of owoo for the corresponding frequencies; b) the same ow(T) dependences, along the vertical for clarity.
Each curve has an arrow indicating the value ow = 10 10 sec-I,
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fective mass of the electrons is strongly anisotropic
(mll/ml = 20, mil and ml are the "longitudinal" and
"transverse" effective masses). In the isotropic case,
the electrons interact only with longitudinal phonons.
The mass anisotropy must be taken into account first of
all in calculation of the final state density for scattering
from longitudinal phonons. This leads to the appearance
of the factor (ml/ml)1/2. In our case, this factor is
quite large: (m;! /ml) 1/2 z 4.5. It should also be taken
into account that electrons with anisotropic mass also
Another very important feature is the presence of the
interact with transverse phonons. It can be shown that
extremum of ow in the frequency. It is clearly seen from
this circumstance does not change the character of the
Fig. 2a that at T < 3"K and a given temperature, the line
dependence of ow on T and f. So far as the quantitative
at the frequency 500 GHz was found to be broader than
side of the picture is concerned, no calculation of ow
the lines corresponding both to lower and to higher frefor a> 1 with account of transverse phonons has as yet
quencies.
been carried out. We shall not raise the question of the
Figure 3 shows three lines recorded at the same
exact quantitative comparison of theory and experiment,
temperature (T = 2"K) at frequencies of 337 GHz (a),
and shall not take the transverse phonons into account,
500 GHz (b) and 746 GHz (c). The values of a and f3
assuming that their contribution can increase the scatfor the corresponding lines amounted to 8.1 and 0.8; 12
tering probability only insignificantly (as is the case at
and 0.97; and 18 and 1.22. It is not difficult to establish
a «1 (8)). Then the theory developed in (1) can easily be
that the line b is broader than the lines a and c. (We
generalized to the anisotropic case for chosen orientanote for what follows that the lines a and care symtion of H. This generalization reduces simply to a change
metric and close to a Lorentzian line, while line b is
in the coupling between the longitudinal energy E and
nonsymmetric; it is broader on the high-H side.) The
the longitudinal wave vector k z : in place of E = %k~ we
values of ow given in Figs. 2 and 4 for both the symmust now write E = 1hmlk~/mll (E and k z are measured
metric and the nonsymmetric lines were obtained from
in units of nwc and 1- 1 , respectively).
the relation ow=wH/2H r , where oH is the width of the
It is convenient to connect the constant of electronline in oersteds at half -maximum of the cylotron line
phonon interaction C that enters in (1) with the momentum
(see Fig. 3) and Hr is the resonance value of the magrelaxation time To of electrons (on longitudinal phonons)
netic field. Direct measurements were made of the
with energy T at H = O. Using the data of Dakhovski'i. (8)
ow(f) dependence at T = const. The results of the measwe find (V is the normalized volume)
urements at T=4.2, 3 and 1.8"K are shown in Fig. 4. It
is seen that oW(f) has a maximum and a minimum. To
2VT 1'm,:'m.c C
( 1)
lO=
the left of the maximum, ow increases relatively slowly
with f. and then, close to the maximum, more quickly.
The formulas written below were obtained by applyThe ow(f) dependences for the other T have the same
ing this generalization of the corresponding relations
form. This N-shaped character of the oW(f) dependence
of (1) with Eq. (1). We have in mind pure Ge, so that the
was also observed for the first time.
electrons are assumed to be nondegenerate.
4. In this paragraph we shall formulate the basic reThe entire set of values of f3 can be broken up into
sults of the theory which are necessary for discussion
three regions:
of the experiment.
corresponding to the different frequencies in Fig. 2b have
been shifted along the vertical. On each curve, the arrow shows the value ow = 1010 sec- 1. It is seen that as the
temperature is lowered, three regions are defined: high
temperature-a narrowing of the line; intermediate temperature-a weakening of the temperature dependence;
low temperature-further narrowing. We note that the
region of low-temperature narrowing was not previously
observed.

First, we make the following remark. In Ge, the ef-
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FIG. 3. Cyclotron resonance lines at T = 2°K and frequencies f: a)
337 GHz; b) 500 GHz and c) 746 GHz. The dashed curve is symmetric
to the left half of the cyclotron line b.

FIG. 4. Frequency dependences ow at temperatures T: e-4.2°K;
X_3° K; A-I.8° K. Curves corresponding to different temperatures are
shifted vertically. The arrow on each curve indicates the value ow = 5
X 10 9 sec-I.
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Region f3 - 1. Here as at f3« 1, the principal role is
played by intraband transitions. However, these transitions are inelastic in this region, and the quantum kinetic equation in [ll cannot be solved. It has not been possible to obtain explicit formulas, and we can deal only
in estimates. At f3 - 1 the smearing interval reaches a
maximum: 01] = o1]max. The halfwidth of the partial line
oWp is found to be of the same order as 01] max:
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Thus, there is inhomogeneous broadening comparable
with the dissipative line width. One can assume very
roughly that the half-width amounts to
(4)

In fact, with decrease in T at (3"' 1, along with a decrease in the contribution of the dissipative processes,
a new factor arises-inhomogeneous line broadening.
The presence of two oppositely directed tendencies naturally leads to a weakening of the temperature dependence. It is not difficult to establish the fact that esti- at {3 - 1. (For the isotropiC case, the formulas for ow
mation by Eq. (4) gives values for ow* that are quite
corresponding to {3« 1 and (3» 1 were first obtained
in [2].)
close to those observed. At lower temperatures, the
line is again narrowed, in our opinion because of the
In addition to the approximations noted above, it must
disappearance of the inhomogeneous broadening at {3 > 1.
be kept in mind that in our measurements the strong inIn order to establish that such narrowing is possible in
equalities O!» 1 and {3« 1 are not satisfied simultaneprinciple, we note that the ratio of ow* to owoe at
ously; the condition {3 »1 is also not achieved. We shall
Wc = const amounts to
attempt to show only that firstly, the theory permits us
I\Ul'
(m.L)'I'( nUl, )'1.
to explain the observed regularities qualitatively and,
I)Uloo - ~
m.Lv.'
(5)
secondly, it gives values for ow that are sufficiently
(the temperature T is eliminated by means of the reclose to the experimental ones.
lation (3* = tivo/ZT* = 1). It is then evident that at least
All quantities (O!, (3, H, T, ow) that refer to the regions for high enough Wc, we have owoe < ow* , i.e., line nar{3« 1, {3 »1 and (3 -1 are designated below by 0, oe and the rowing should take place. Under our conditions, the
asterisk, respectively.
ratio (5) is close to unity at the highest frequencies.
Thus, our explanation of the narrowing does not conFor the classical relaxation time, we use the value detradict the relation (5).
termined from measurements of the cyclotron resonance
width at O!« 1 [6]:
6. We now turn to a discussion of the dependence of
ow on wc=eH/mlc. Like T, the magnetic field H affects
1 cr' ~6wc/L25~3_6 .10 8 f'I'.
the denSity of final states for interband and intraband
(This is an experimental value. It includes, of course,
transitions (T affects the density of states only for the
the contributions of both transverse and longitudinal
intraband transitions) and the characteristic energy of
phonons. To proceed consistently, it would be necessary the phonon. It is well known that for Nph» 1, the square
of the modulus of the matrix element for interaction with
to exclude the contribution of transverse phonons from
this value in our approximation. In practice, this doesn't acoustic phonons does not depend on the, wave vector of
the phonon. Therefore, at {3« 1 the field H affects only
amount to anything, since even then only an approximate
the density of states, which increases in proportion to
comparison would be possible.)
H for intraband transitions. Thence oWc - f. With the
5. We now discuss the temperature dependence of the
approach of {3 to unity, this dependence becomes weaker,
line width. In Fig. 2a, the points 6.25, 8.3 and 10.5'1<: for
1/2 • This is obsince Nph falls off more rapidly than
f = 131 GHz lie very close to the classical halfwidth of
served experimentally: it is seen from Fig, 4 that at
the line (line n. The points 2,4.2 and 6.25'1<: lie on the
f < 300 GHz, ow increases sub linearly with f. A section
line with slope owo - Tl/2 , as they should according to
with a more rapid increase of ow is also observed. It
Eq. (2) for oWo. The transition from the dependence
can be explained by the effect of inhomogeneous broadow - Tl/2 to ow - T3/2 takes place near 6'1<:. At the
ening in exactly the same way as the presence of the
temperature 6.25'1<:, O! = 1. The absolute values of OWo
temperature plateau (with the difference that now both
are found to be about 1.6 times greater than those caltendencies "work" in the same direction). The subseculated.
quent narrowing is connected with cessation of intraFor high frequencies, in the region (III) of high T
band scattering. Here, on the one hand, the inhomogene(>5 '1<:) ow falls off with dec rease in T more rapidly than
ous broadening disappears and, on the other, the dissiaccording to the law OW-T 1/2 (see Fig. 2a). It is natural pative line broadening decreases, inasmuch as the
to connect this with the fact that here {3 - 1. Actually, at
density of final states for interband transitions is less
{3 « 1, the change in ow with decrease in T as Tl/2 is due than for intraband ones (by a factor of Q!1/2). It is not
to the decrease in the average number of scattering
possible to separate these two factors without solution
phonons, Nph = (e{3 - 1) -1 - T and the simultaneous increase of the kinetic equation. However, the possibility of
in the average density of final states for the intraband
narrowing can be established in principle in the foltransitions _T- 1/2 • The volume of phase space of the
lowing way. We equate ow* and oWoe at identical T
and then determine {3oe . We get
phonons that are important in the intraband scattering
decreases with the approach to unity,ell and the efT't,
( m.L)'I'a'_(m.L)'/'
( 6)
fectiveness of the intraband scattering falls off rapidly.
~oo - -m-II
-a-oo-'I, - -m-II
m.Lvo' (nUl,oo),l•.
With further decrease in T, a weakening of the temIt is seen that for sufficiently large T, the value of {3oe
perature dependence sets in. The extent of this plateau
defined by the relation (6) can become large in compariis different at different frequencies. Thus, at f = 428
son with unity. This means that the line can have the
GHz, this region is 2-5'1<:, while for f=746 GHz, it is
same width for {3» 1 as at {3 - 1, if the change of {3 is
3-4'1<:. To explain the plateau, we note, first, that the
realized by means of frequency at constant temperature.
weakening is observed in the region {3 = {3* = 1 (see the
But, inasmuch as the halfwidth ow - f at (3)> 1 (because
Table; in accordance with the above designations of the
of the increase in the density of final states for interquantities, we mark all quantities referring to the reband transitions with H), the half-width must necessarily
gion of the plateau with an asterisk), i.e., where the inpass through a minimum in the region {3 - 1.
homogeneous broadening reaches a maximum. In our
view, it is the latter that leads to the appearance of
We see that the observed dependence of ow on f has a
the plateau.
natural explanation,

we
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The values of oWoo, computed from (3) for the frequencies 337,428, 500 and 746 GHz are marked by short
lines on the ordinate of Fig. 2a. The experimental values
of ow are always larger at the lowest T, and the difference decreases with increase in frequency. This is in
order: the higher the frequency, the closer the limit
f3 = f3 00 »1 at a given temperature.

One can now understand why extrapolation of previous measurements to the low-temperature region led
to values of OWoo that appreciably exceeded the limiting
calculated values of ow at f3» 1. First, the extrapolation was carried out from the region of the temperature
plateau; the possibility of further narrowing of the line
was not taken into consideration. Second, the mass
anisotropy was not taken into account, which leads in
OWoo to the appearance of the factor (ml/ml)1/2"'4.5
and a change in the numerical coefficient. Thanks to
this, oWoo increases by a factor of about three.

It was pointed out above that the line is found to be
asymmetric at f3-1 (line b in Fig. 3). This can also be
explained by means of the partial frequency shift. The
existence of minima in the corrections ~Eo( E) and AE 1( E),
which are displaced relative to each other (E(O) < E( 1) ,
see Par. 1) leads to the result that the 1)( E) dependence
1yU. A. Gurvich, Zh. Eksp. Teor. Fiz. 66, 667 (1974)
has an oscillating character in the region E - f3/Ci at
[Sov. Phys .-JETP 39, 322 (1975) J.
f3 ~ 1: with increase in E the function 1)( E) first passes
through a maximum (at E'" E(O»), then through a minimum 2 R . Ito, M. Fukai, and I. Imai, J. Phys. Soc. Japan 21,
357 (1966).
(at E'" lOW). The presence of extrema in 1)(E) and,con3T. Ohyama, K. Murase, and E. Otsuka, ibid. 29, 912
sequently, in the partial frequency wp( E) at certain val(1970) .
ues of E means that the frequency distribution density
4 0 . I. Bondarenko, E. M. Gershenzon, Yu. A. Gurvich,
of the electrons, which is proportional to dEldwp, is
S. L. Orlova, and N. G. Ptitsina, Fiz. Tekh. Poluprov.
found to be large at these points. At f3« 1, there are no
6,419 (1972) [SOy. Phys.-Semicond. 6, 362 (1972)J.
electrons in the range E - f31 Ci, the line width has a purely
5 E . M. Gershenzon, Yu. A. Gurvich, S. L. Orlova, and
dissipative origin, and the line is symmetric. With inN. G. Ptitsina, Fiz. Tverd. Tela 11, 3374 (1969) [SOy.
crease in f3, at f3 - Ci"E -1, electrons appear near the exPhys.-Solid State 11,2743 (1970)1.
trema, initially in the region of the minimum of 1)( E)
6 M . Fukai, H. Kawamura, K. Sekido, and I. Imai, J. Phys.
and then in the region of the maximum. Here the line
Soc. Japan 19, 30 (1964).
should at first become wider toward the low frequencies
7 E . M. Gershenzon, Yu. A. Gurvich, S. L. Orlova, and
(high H), and then again become symmetric. This is exN. G. Ptitsina, Proceedings (Trudy) IX International
actly what happens in experiment.
Conference on Semiconductor Physics, Nauka, 1968,
Thus the dependences of ow on the temperature and
p.304.
frequency obtained in the present work, and also the
81. V. Dakhovski'l, Fiz. Tverd. Tela 5, 2332 (1963) [SOy.
asymmetry of the line in the region of f3 - 1, can be exPhys.-Solid State 5, 1695 (1964)].
plained completely by inhomogeneous broadening of the
cyclotron resonance line and by the presence of two
Translated by R. T _ Beyer
types of transitions (interband and intraband).
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