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Passage of a monochromatic Gaussian beam through a medium with an arbitrary local nonlinearity
is considered. Nonlinearity of the medium is taken into account in the first approximation of
perturbation theory. Asymptotic expressions for the beam field at large distances from the entrance
plane of the medium are obtained and it is shown that even in the given (lower) approximation of
perturbation-theory propagation of a beam in a medium with arbitrary nonlinearity is accompanied
by deviation of the field in it from a Gaussian distribution. The nature of the deviation in this case
depends essentially on the form of nonlinearity of the medium and thus permits an analysis of the
form to be carried out, nonlinear absorption being included. The cause of the discrepancy between
the results of Refs. 6 and 7 on the propagation of focused beams in a medium with Kerr
nonlinearity is elucidated.

Great interest has recently been shown in the problem of the propagation of light beams in nonlinear
media (see r1J ). In this, the greatest attention has been
paid to beams with Gaussian initial distribution, since,
usually, the intensity profile of coherent laser beams
is, to a great degree of accuracy, Gaussian. The
greater part of the results has been obtained in this
case by the numerical solution of the corresponding
problems. The applicability of the analytical calculations is limited to only a small region near the initial
plane of the nonlinear medium [21. At the same time, the
problem of the passage of a relatively weak light beam
through a medium, when the nonlinearity of this medium
can be regarded as a perturbation only in the first approximation, has thus far not been considered. Such an
approximation is similar to the Born approximation in
quantum-mechanical collision theory, and it allows us
to investigate, in particular, the beam field at large
distances from the layer of the nonlinear medium
traversed by this beam. In the present paper the passage
of an arbitrary, inr:luding a focused, monochromatic
Gaussian, beam through a layer of a medium with arbitrary local nonlinearity, including, in general, nonlinear absorption, is investigated in this approximation.
From the expressions obtained below follows, in particular, that the passage of a beam through a layer of a
nonlinear medium is accompanied by a deviation of the
field distribution in the layer from the Gaussian distribution, and that this deviation depends essentially on
the specific form of the nonlinearity of the medium.
Therefore, the analysis of the deviation in question can
be used to determine the form of the nonlinearity of the
medium and the form of the nonlinear absorption in it.
Let the layer of the medium under consideration occupy the region of space O:s z:s l, and let us write the
permittivity E of this medium in the form of an arbitrary function of the intensity of the oscillations of the
field in the beam:
(1)

speaking, complex quantities. The expansion of the
function v( \ E \2) in the form of the series (1) is convenient in that the decisive role in this expansion is
usually played by one or a small number of terms. The
term of the series with the number m = k - 1 may
correspond to a k-photon process in the medium and, in
particular, the imaginary part of this term may be determined by the k-photon absorption. Below, we shall,
for simplicity, assume that the refractive index of the
medium at z > l is equal to n = FE;. We shall also
assume that the beam under consideration is incident
at the boundary z = 0 from the half-space z < 0 and
that the diameter of the focus of the unperturbed (by the
nonlinearity v( \ E \2)) beam is much larger than the
wavelength A. If the Born approximation is applicable,
then the last condition obviously remains valid for the
perturbed beam. In this case the propagation of light in
the nonlinear medium is described by the following
equation for the complex field amplitude E (see, for
example ,l1J):
t'1,LE+2ik BE +I<',,(IEI')E=O,
{}z

where ~1 = a2/ax 2 + a2jay2. We shall consider Eq. (2)
with the boundary condition
(3 )

which corresponds to a Gaussian beam incident at the
boundary z = 0 and having in this plane an intensitydistribution radius a and, in the corresponding linear
medium (with a refractive index n
rE;), a point z = R
of geometrical convergence of the rays; the value I/R
= 0 corresponds to an incident beam of parallel rays,
the value R > 0 to a converging, and the value R < 0 to
a diverging beam.

=

Let us represent the solution to Eq. (2) in the form of
an expansion in powers of IJ:
E=

EIO)

+ E(1) + EI') + ...

=

1/,E exp

(ikz -

iwt)
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(5)

+ c.c.,

W is the frequency of the oscillations of the field in the
beam, k = 21T/A, A = 21TC/WrE; is the wavelength of the
light, Eo> 0, and the coefficients n2m are, generally
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(4)

Then we obtain for the functions E(f) of the successive
approxi mations the following equations:

Here E is the complex amplitude of the electric-field
oscillations and is connected with the field's true value
fff by the relation
fff

(2 )

The solution of the equation for E(O) with the boundary condition (3) is known (see, for example,[lJ) and
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can be written in the form
E (O) = __v_o_ex ( _ _1___1__ r ')
1 + i~!lo
p
2ao' 1 +, i~!lo J . ,

~=

Z-

Zo,

(6 )

relation klo = k2a~ and the expressions (11) for the
functions 4>m(l:) and ('m (1:), yields

R'
l-ka'00 -T;;!

R'
(ka')"

[1+

] -.

R"
Zo=R[1+-](ka') ,
,

V o =E o (1-i

S

L'

X ~
L.

k
;').

(7)

The above-introduced symbols have the following meaning: ao is the minimum radius of the unperturbed beam,
z = Zo is the cross section corres ponding to this radius,
and Vo is the value of the complex amplitude of the
axial field at this cross section. Under the condition
I R I « ka 2, i.e., at large Fresnel numbers for the beam
in the plane Z = 0, the cross section Z = Zo practically
coincides with the cross section z = R. Thus, the problem reduces to the problem of finding the functions
E(f) of the successive approximations with the boundary
conditions
E(f)I,~o=o,

/=1,2 ...

(8 )

Below we shall consider only the equation for the
function E( 1) of the first approximation. According to
(5) and (6), the solution E( 1) can be written in the form
of the sum:

{)E~I)

+ 2ik---a;- =

where
<I> ( )_

~

m

-

- <I>m (~)exp {lm(~)rJ.'}'

(10)

IVol'mvo
(1 + i~!lo) (1 + ~'!l.') m'

1

Ym(~) = - 2a o'

2m + 1 - i~!lo
1 + ~'Ilo' '

~= z-

Zoo

(11)

Let us consider Eq. (10) for arbitrary m with the
boundary condition E~ Iz=o = 0, which, according to
(9), allows us to determine the function E( 1) satisfying
the required condition (8). The required solution E~)
can be written in the form of a convolution of the Green
function of the Eq. (10) with the function on the righthand side of the equation. For z > l, we obtain

E~') (r) =

S· dsdTJ S"d~ <I> (~)
4n(z - ~ -zo)
I-

_CCI

X exp { ik[ (x -

-Zo

~)' +(y -

2(z-~-zo)

TJ) ']

+ 1 (~) (s' + TJ') },'

(12 )

r

Setting (z - i: - Zo 1 "" Z-1 in the pre-exponential factor
of the integrand and (z - I: - ZOf1"" z-1(1 + (I: + zo)/z)
in the exponent, and neglecting further in the exponent
the terms
ik(~+zo) (
2z'

2x~

+2

YTJ

+ '+ ')
S TJ,

we arrive at an expression that is valid for z - co,
I x/z I ~ C1 = const, and I y/z I ::, C2 = canst. Going over
in this expression from the Cartesian variables ~,T) to
the polar variables p, rp and performing the integration
over rp, we find
1
(ikrJ.'
ikzo ')
r =z;-exp ~+-2-nJ. .

(I) ( )

Em
l-Je

X Sd~<I>m(~)exp(
-to

Ok
1

;.1.

2

GO

~) SpJo(kn.Lp)eXP(lm(~)p')dp,

(13)

o ·

where n.l = ((x 2 + y2)/Z2)1!2 > 0 and Jo(z) is a Bessel
function. The subsequent integration over p, using the
440

exp {- a[ (2m + 1)u + i]/[u + i(2m + 1)]}
.
(1 + iu) (1 + 2m - iu) (1 + u')m-'

(14)

Here
l-zo
L'=-lo-' (15)

Am =4ao'10 IVoI'm V o,

the quantity a can also be written in the form
a = Y2( &/ed)2, where e is the viewing angle and ed
= l/ka o is the angle of di vergence of the unperturbed
beam due to diffraction.
To evaluate the integral (14), we make the change of
variable
, (2m
U=~

+ 1) w + 2m

(16 )

2m-w

as a result of which the expression (14) assumes the
form
(17)
where

(9 )

the addends E:;;l of which satisfy the following equations:
(I)

ikzo
)
n .L' .
---z:;-+ -2-

(18 )

E(I)
E (I)-k'~
~n2m
m ,

tJ.J.Em

Am
( ikr.L'
r = -z-ex p

(I)()

Em

where
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The integration contour r m is shown in Fig. 1; according to (16), the initial and end points w 1 and w 2 of this
contour are determined by the equality Wj = 2m( Lj
- ill Lj + i(2m + l)r\ where j = 1, 2.
Let us now write out, on the basis of (4), (6), and (7)
and in the apprOximation in Ii under consideration, the
asymptotic (for z - "" and n.l ;S C) expression for the
resultant field E of a beam that has traversed the considered layer of the nonlinear medium. Adding the
corresponding asymptotic expression for E( 0) obtained
from (6) to the expression (17) for E (1), we find
m

(19 )
Here we bear in mind that only one of the functions
E( 1) corresponding to a definite (although arbitrary)
n~ber m makes the dominant contribution to (19). If,
however, several of the functions Eiri are simultaneously important, then the expression inside the square
brackets in (19) should be summed over m. As can be
seen from (19), the field distribution in a beam that has
traversed a layer of a nonlinear medium differs from
the unperturbed distribution by the factor in the square
brackets, with the result that the function Tm(a) determines the nature of the deviation of the perturbedbeam field distribution from the Gaussian initial distribution.
Let us compute Tm(a) for L1 - -"" and L2 -"",
i.e., for the case when the focal region of the beam is
located deep inside the layer under consideration, so
that its length lo is much smaller than the width 1 of
the layer. In this case the integration contour r m
closes into the complete circle shown in Fig. 1, and the
integral (18) is determined by the residue of the integrand at the point w = O. Computing this residue for
different m, we find
,n
1,(a)=2'

n
9n (a'
5a
19 )
T,(a)=g(a+1), T,(a)= 256 2'+3+12

, ... ,
(20)
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Tm(a)=

X~' ~ (2a)n
~ ~

5_011=0

" ,nf(2m-1)
2- m -'(m + 1) m f(m - 1)
"/

m'f(m+s-n-1)
f(m+s)f(m -s)r(n+ l)f(s - n+ 1)

"'\ \

/

\

\

Here r( z) is the gamma function. According to the
first of these expressions, the two-photon (m = 1)
process leads, under the conditions being considered,
only to the appearance of a constant (a -independent)
factor in the field distribution of the unperturbed beam,
with the result that this process for Ll - - 00,
L2 - 00, and large z does not, in the approximation in
v under consideration, distort the Gaussian field distribution. At the same time, three-photon, four-photon,
etc., processes lead under these same conditions to
deviations from the Gaussian distribution, and the
nature of these deviations is determined by the order
k = m + 1 of the process under consideration. According to (20), the quantity T m (0< ) is a polynomial of
degree m - 1 in 0<. Thus, the order of the multiphoton
process in the medium determines the degree of this
polynomial. It is also worth noting that the quantity
T m (a ) is positive for all m and all values of 0< > O.

,2m
/
/
/
/

----~-luz

FIG.!

Let us now write out the condition of applicability of
the expressions obtained, a condition which is connected
with the use of the first approximation in v. In general,
such a condition follows from the requirement that the
inequality \ E( 1) \ « \ E( 0) \, which in turn yields for any
ml)

(21)
be fulfilled in the region of space that makes the
dominant contribution to the integrals (12) and (13). Besides this, notice that at large values of a, the integralover pin (13) contains the function Jo(knlP),
which undergoes many oscillations in the interval
o ~ P ,s ao/ fffi that determines the dominant contribution to (13). A similar situation arises in the subsequent integration over ~. The exponential smallness of
the considered integral for a - 00 (as can be seen from
(17): \ E~) 1 a; Tm(a )e-O<) is connected with this. The
result is that for large a, the requirement for accuracy
of description of the integrand becomes substantially
more rigorous than the requirement defined by the condition (21). Therefore, under the present condition and
at large a, the obtained expressions, generally speaking, become invalid in the same way as (seeP]) the
Born approximation can lose its validity in quantummechanical collision theory.
Let us now discuss in greater detail the case m = 1,
including, as is well known, the case of the Kerr nonlinearity. In this case the expression (18) gets simplified, and it is easy to derive an explicit expression for
Tl (0<) for arbitrary Ll and L 2. Making in (18), for
convenience, the change of variable w = -t/ a, we find
for m = 1

e
i (e
T,(a)=-4 I t: dt = - 4 I t: dt t

i

r

t

Ite dt
t

)

FIG. 2

beam that has traversed a layer of a nonlinear medium
arises also in the m = 1 case. The function T l( 0<) determining this deviation is, according to (22), complex.
Let us now consider in greater detail the condition (21)
for m = 1, i.e" the condition of applicability of the expression (22). We shall assume in this connection that
L2 - Ll :::. 1 and \ L2\ :: 1 (the last conditions imply that
the width 1 of the layer of the nonlinear medium is
greater than, or of the order of, the length 10 of the
focal region of the beam and that the focal region is
located inside, or not far from, this layer). Using the
expansion for Ei(z) given in the footnote 2), we can
easily convince ourselves that the inequality (21) can
be rewritten in the form P « c f"E;/ 41 n2\ k 2, where P
is the power of the incident beam, and c is the velocity
of light in vacuum. For a real n2 (or for n; » n~), this
condition assumes the form
p«./,p~1),

In conclUSion, let us consider the question of applicability of the transformation that a thin lens can produce
in the problem under consideration. This transformation consists in the change of variables
Z

i

=t;[Ei(z,)-Ei(z,)],

" "

(22)

(23 )

Pi:

1) "" c ~/2n2k2 is the critical power above
where
which a multifocus structure is formed in the beam
under consideration[1,5,6 1•

,

zF
z+F'

=--

,
r-,-

rJ...F
=

z+F'

, "
F
(r-'-'F
Z'F)
(ikr-,-"
1 )
E (r-,-,z)= F-z' E F-z' 'F-7 exp -2-z'-F '

(24)

where the integration contours r, Yl, and Y2, and the
cut in the t plane are shown in Fig. 2; Ei (z) is an
exponential integral function; Zj = - a Wj = 2a (i
- Lj)[ Lj + 3i l (j = 1, 2 )2). The expression (22) for
T l( 0<) solves the formulated problem. We see that
generally (for arbitrary Ll and L 2) the deviation from
the Gaussian distribution of the field distribution in a

under which Eq. (2) is, as is well known, invariant when
v = O. The substitution (24) transforms the initial
boundary condition at z = 0 in the same way it would be
transformed if the initial beam passed through a thin
lens of focal length F located at z = O. Talanov points
out in his paper[7 J that the invariance of Eq. (2) under
the transformation (24) is also preserved when
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v(i E 12) = n21 E 12 (where n2 is, in general, complex),
and investigates on this basis the propagation in the
medium under consideration of a beam that has passed
through a thin lens. He obtains for the space behind the
focal plane of the lens, Le., for z' > F, and for
P > p~ll a solution that is qualitatively different from
the solution obtained earlier[6 J by other authors. Let
us now consider the cause of this discrepancy. We
shall show that the solution presented in 7) for z' > F
is incorrect, since the transformation (24), when applied to an infinite nonlinear medium (as is done in[7)),
leads to a discontinuity in the transformed solution at
z' = F.
For this purpose, let us on the basis of the aboveobtained expressions consider the limiting values of
E' at z' = F ± O. As a preliminary, let us write out that
solution to Eq. (2) in an infinite nonlinear medium
which satisfies the condition (3) at z = O. Above we
considered this solution (E) for z ;> O. We obtain the
continuation E of this solution to z < 0 with the aid of
the relation E(rl, z, R) = E"'(rl, -z, -R) (we assume,
for simplicity, that Eo is real). Further, taking account
of (7), we find on the basis of (19) for z - - 00 that

a convergence point which is uniquely connected with
the corresponding convergence point at z' < F. The
fact, however, is that the (mirror-type) convergence
point at z' > F described in[7) does not exist, since the
correctly obtained results of[6) lead to a different
picture.
The author thanks A. M. Prokhorov for discussions
in the course of the work.

I) Notice

that the existence itself of a finite region of space making the
dominant contribution to the integrals (12) and (13) obviously implies
that the order in which the passage to the limit L, -> 00. and z -> 00 is
carried out is of no importance. In consequence, the investigation carried out in this paper also pertains to the case of an infinite (semi-infinite) nonlinear medium.
2)It is convenient for us to determine the exponential integral function
when there is a cut along the negative real semiaxis, as shown in Fig. 2;
for then we can continuously and independently vary LI and L2 from
-00 to 00. The function Ei(z) determined in this way coincides with the
corresponding function determined in [4] when -tr < arg z < tr/2 and
differs from the latter by a term 2tri when tr/2 < arg z < tr. For Izl < I,
Ei(z) can be expanded in the series
Z2

Ei(z)= i.rt+C +lnz + z

where C = 0.577 ... is the Euler-Mascheroni constant; the multivaluedness of this function is allowed for by the multivaluedness of the term
In z, and therefore the restriction on arg z in this equality can be
dropped (we cite the expansion in question here, since there is an error
in this expansion in [4]).

Here the quantity T l( a) corresponds to an arbitrary
value of L2 and to the value LI = 00, Le.,
T. (a.) =

4't{ Ei(- 2a.)- Ei [i-L,]}
2a. L, + 3i
;

the asterisk denotes complex conjugation. Applying now
the transformation (24) to the solution under consideration and computing the limits E' 1z' =F - 0 and
E' Iz' =F +0, we obtain

(26)
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Evidently, these limits coincide only in a linear medium
(when n2 = 0). They differ in a nonlinear medium owing
to the difference in the factors in the square brackets.
In general, these factors depend on rJ., and their
phases have opposite signs. Thus, the discontinuity of
the transformed solution in the plane z' = F can convert a diverging beam into a converging one with the
formation at z' ;> F of a "mirror" (with respect to the
z' = F plane) type of picture. This precisely explains
the appearance at z' > F of the point of convergence
described in[7) for the P ;> p~ll, v( 1 E 12) = n21 E 12 case,

Translated by A. K. Agyei
92

442

V. N. Lugovol

SOY.

Phys.·JETP, Vol. 38, No.3, March 1974

Z3

+2-2t+3.3i+ ... ,

442

