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A complete solution of the Einstein gravitational equations is constructed for anisotropic
cosmological models with a hydrodynamic energy-momentum tensor. The isotropization
process of the solution is followed through the expansion. It is shown that agreement with
present-day astronomical observations is possible only if the expansion is isotropized at
an extraordinarily early stage. In the type VII Bianchi models the isotropization of the
expansion is accompanied by an isotropization of the curvature also. In models of the
Bianchi type IX the solution becomes, in general, isotropic with respect to the deformation, but remains sharply anisotropic with respect to the curvature tensor of threedimensional space. The problem of isotropy of the background radiation is considered.

1.INTROQUCTION
Numerous recent articles have been devoted to the
analysis of the dynamiCS of the expansion of anisotropic
homogeneous cosmological models near their singularity
and to the consideration of the physical processes during
that stage of their development (cf., e.g.,c I-11J ). Anisotropic cosmological solutions have been considered as
possible models for the beginning of the expansion of the
universe. It is known that some of the anisotropic models
are "isotropized" in the course of their expansion, i.e.,
they tend to Friedmann's isotropic solution. The most
important problem is the construction of a solution for
the anisotropic models valid throughout the whole time
interval, i.e., to be able to describe the whole process of
isotropization and to relate the initial data near the
singularity to parameters at a later stage of the expansion. This will allow one to determine which of the
models with parameters specified near the singularity
agrees with the data from astronomical observations regarding the degree of isotropy of the cosmological
expansion, and thus, will allow to decide the question of
the generality of the class of initial conditions for anisotropic models can lead to the picture of the universe
which is being observed now.
In resolving the problem of isotropization one must
keep in mind that, according to astronomical observations, if the real universe really was originally anisotropic, the iSQtropization occurred sufficiently early:
at the stage when the linear dimensions were at least a
thousand times smaller than the present ones: zF ~ 103
(from observations of the background radiation), and,
very likely, earlier z!l ~ 10 9 (from data on the chemical
composition of matter 12J; here zF is the red shift).
Thus, the isotropization must occur at a stage when the
expansion takes place practically with parabolic speed
and the Friedmann model is described by a solution
corresponding to critical density. By isotropization we
mean that the solution approaches an asymptotic behavior
such that the expansion occurs uniformly in all directions
(up to small corrections) and is described by Hubble's
law.
We note that in the literature one can find other definitions of isotropization. Thus, S. P. Novikov[ 11J defines
isotropization for closed models of the Bianchi type IX
as closeness to each other of the principal values of the
curvature tensor at the instant of maximal volume of the
model. Such a definition of isotropization does not lead,
in particular, to isotropy of the temperature of the background radiation in the model, and is therefore insuffi739
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cient from an astronomical point of view. In other papers
(cf., e.g., the paper of Collins and Hawking [ 13J ) any approach to the Friedmann solution for t - 00 is considered
as an isotropization. Such a definition is also insufficient
from an astronomical point of view, since a late isotropization, when the model approaches the Friedmann
solution at a stage, since a late isotropization, where the
model approaches the Friedmann solution at a stage
where the gravitation of matter no longer influences the
dynamics (the Milne stage), is not compatible with the
observations.
In the present paper we investigate the process of isotropization for models of the Bianchi types VII, VIII and
IX. These models are the most general ones in the class
of homogeneous anisotropic models[4,13 J and are therefore of the greatest interest. For the simpler speCial
cases of the models of types V and I the process of isotropization was considered before [ 14,15J . We note that
the model of type VII may approach asymptotically the
open or the flat Friedmann model; in the models of the
other types there may exist lengthy stages of evolution
when, with respect to many parameters, the solution
corresponds to the Friedmann solution (e.g., the expansion is almost isotropic) and then it again deviates from
it.

In the sequel we shall assume that the matter is at
rest with respect to a homogeneous synchronous coordinate system (1) and is described by the hydrodynamic
equation of state p = E/3 at the early stages and p = 0 at
the late stages of expansion.
The occurrence of directed flows of matter and free
particles in the homogeneous models[16,17J is considered
separately. These phenomena which can appear at an
early stage of cosmological expansion, lead to such a
kinematics of expansion which leads to their damping out
and to appearance of isotropization at a later stage, as
described in this article (with small corrections).

2. ISOTROPIZATION OF MODELS OF TYPE VII
The metric of the homogeneous model can be written
in the form (the Greek indices and the tetrad indices
take on the values 1, 2, 3)
ga;~

=

" b
-laoecx.ee.;

(1)

the matrix Yab (t) determines the time dependence of the
metric. For e~
coordinates) :

=

e~(,!l ) we have (xCl! denote the spatial
(2)
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For the metric of the Bianchi type VII only the following
structure constants are nonzero:
:. C:'3 = C~31 = - 1,

a:> o.

C\3 = C:23 =

(3)

We assume that the matter is at rest in the synchronous reference system (1) with space being homogeneous (the four-velocity is u1 = (1, 0, 0, 0». Then, without
loss of generality, one may set 1'13 = 1'23 = O. It is convenient to investigate the evolution of the model in a
coordinate system where the matrix I' ab is diagonalized.
The transition to a new coordinate system is carried out
by means of a rotation in the 1-2 tetrad plane by a timedependent angle cp(t):

~

f..'(t)

0

o

0

0 ~
0 ST

II Vab ~ = S O l . , (t)

S=

!
-

01

cos q> sin q>
sin q> cos q> 0
o
0 1

(4)

divided (by convention) into three large eras:
1. The vacuum stage, when matter gravitation and the
term 4a2AIA2 do not have any influence.
2. The isotropization stage, when it is necessary to
take into account matter gravitation, but one may still
neglect the term 4a2"lA2.

3. The late stages of expanSion, when the evolution is
determined by the term 4a 2A1A2 aild matter does not
affect the metric. At this stage it is necessary to take
into account the rotation of the coordinate system which
is oriented along the principal axes of the matrix Yab'
We consider consecutively the character of the evolution
of the type VII model.

(here the superscript T denotes transposition).

In the vacuum stage the solution of the system (5) is
well known. In the immediate vicinity of the singularity
the Kasne.ll solution[2,4,S] holds:

Under the above assumptions the Einstein equations
reduce to the form (with the Einstein constant and the
speed of light set equal to one):

here Pa are the Kasner exponents:

X3 (t)

,

(In 1'1.,1.,)"' - 4a'f..tf.., = 1(8 - p),
(In 1.3 )""

-

41.,1., sh'

~ + 4shfL(f.., f.., - ~') =
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~. 1.3
~3 + 1.3
i..3 i.. ,
1.,

1., I.,

i-

0,

,Ep, =

4a'f..,f.., = V(~ - p),

(~Sh2

= 12a'f..]..
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i )"
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2
"
,

,
f..s)·
"
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=2q>sh y
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1/ -

= 2af.. , f..,sh'

(5)

;
f..t

fL=ln1.2

(the last two equations are first integrals of the equations (5». The dots denote differentiation with respect
to the time T.
The energy density E and the pressure p are related
via the equation of state. As is well known, for the equation of state p = E/3, E = L~/y2/3, and for p = 0, E = L2
E = L2/y1/2. The constants L1 and L2 have the dimension
of length and are related to the instant up to which one
may neglect the gravitational influence of matter on the
evolution of the model. This early stage of expansion is
called the "vacuum" stage and is characteristic for all
homogeneous anisotropic models. We shall consider the
constants L1 and L2 to be so large that the isotropization
process should occur sufficiently early. As was remarked above, only under these conditions are the
anisotropic models compatible with observations.
The constant a is the parameter of the model (3) and
determines the beginning of that stage of the evolution
when a principal role is played by the isotropic part of
the curvature of the corresponding three-dimensional
space: -4a2,\,1,\,2 and the influence of the gravitation of
matter can be neglected. From observations it is known
that the term -4a2A1A2 can become important only during
the contemporary epoch. The requirement that there exist an isotropic stage of evolution when gravitation of
matter plays an important role leads to the necessary
condition (with the exception of the degenerate case
Al =: '\'2; cf. Appendix II):
a

«. 1

(6)

Below we shall assume that this condition is satisfied.
Thus, the evolution of the model of type VII can be
740
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.E po' = 1,

Ao = const.

Then under the influence of the anisotropic component
of th~ curvature tensor, Al and A2 begin to oscillate and
As increases monotonically. This stage of evolution of
the model under consideration is similar to the evolution
of the "mixmaster universe" over one large period.
The amplitude of oscillations of the functions Al and A2
is in general large and decreases gradually with time.
In the intervals between the maxima of the largest function the evolution corresponds again with a high degree
of accuracy to the Kasner solution (the curvature terms
A~ and A~ are not essential), the Kasner epochs taking up
most of the evolution time.
In the most general case the amplitude of oscillations
of the functions A, and A2 is large at the time t ~ t*
(T ~ T*) when the influence of the term Y(E - p) in (5)
becomes essential. In this case the oscillations of Al and
A2 (with large amplitudes) stop under the influence of
matter gravitation (cf. Appendices I and II). If the influence of matter begins to show up far from the maximum
of the functions A" A2 in the Kasner stage, there exists
a long enough stage when YE »AL A~ and in this stage
the equation of state p = E/3 leads to the following solution of the system (5)
f..,=A,ex p [

2A(P,-+) (-t-To) ]Sh-' ~ (T-To)
(7)

For A (T - To) ~ -1 the solution (7) goes over into the
Kasner solution with exponent Pa' The constants Aa , A,
To are determined by smooth matching with the Kasner
section of the vacuum solution which describes the oscillations of Al and A2' The equations (7) describe an expansion which tends to isotropic expansion for A (T - To)
- O. The tempo of the expansion is the same as in the
Friedmann solution with critical density:
I., - t - (T - 'to) _2 (Q = 12Y8/(ln 1)" '" 1),

however, the quantities A1 and A2 are in general substantially different from one another. (The relative magnitude of As is not important, since Eqs. (5) admit the
transformation As = nAs, '£ = n -1£, n = const.)
A. G. Doroshkevich et al.
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much more sensitive "test," than, for instance, the
chemical composition of pre stellar matter.

Any solution of (5) under the condition Al »A 2 at
T ~ T* tends toll
(8)

The constants B 2 , B 3, Tl are determined by matching the
solution to (7). At this stage (8) the volume changes like
in the Friedmann solution: y ~
This may turn out to
be important, e.g., for the synthesis of chemical elements, which depends on the speed with which the volume
changes. The stage (8) starts at the time when 2YE/7A~
becomes of the order of unity (cf. Appendices I, II).
Therefore the duration of the period (7) is the longer, the
smaller the ratio AdA2 for T ~ T* (YsA(To - T*) ~ 1). If
at the instant T ~ T* the quantity Al is near its maximum,
then without the intermediate asymptotic behavior (7) the
solution goes over into the stage (8) (p = E/3)2). The
quantities A2 and A3 increase with time substantially
faster than Al, and the stage (8) ends for Al ~ A2 (J;. ~ 1).
Damped oscillations of Al and A2 occur again, but now
with a smaller amplitude.

e.

It is essential that the amplitude of the first oscillation J1. max ~ 0.36 depends weakly on the initial parameters of the model. At the same time the initial parameters of the model are practically forgotten and in the
most general case we have a Single parameter depending
on the initial conditions, tF(TF) the instant where the
isotropic stage begins, stage which is properly speaking
the result of the isotropization. The evolution of the
model at this stage, for an equation of state p = E/3 is
described by the equations:

8Y,..:' [1-fN(T)].
<11>'" ~N-"'0;).
't F

N(",)

4
In('tFe'h) •

During the late stages of expansion it is necessary to
go over to the equation of state p = O. In Subsection 1
above we gave the solution for a mixture of radiation
(p = E/3) and nonrelativistic matter (p = 0). After the
instant tC(TC) determined by the equality of the densities
of matter and radiation, all deviations from an exact isotropic expansion law are rapidly damped out according to
a power law and the model approaches the Friedmann
solution (n = 1) for dust:

N, = N ( "',) =

8
In (t,e'lt F )

(10)

:--;---,:-:--:-

The stage (10) continues up to the instant tM(TM) when
the term 4a2A1A2 becomes of order E'Y, and is then followed by the concluding third stage of evolution of the
model under consideration, determined by the isotropic
curvature 4a2A1A2. It is important that at the instant tM
the oscillations of J1. have already died out (cf. Subsection 2) and
t

I1'M = 11, ""

( ,
at:)

'I.

'.

N, <

a.

(11)

During the final stage any solution of the system (5)
for t > tM approaches the solution (12) (for arbitrary
a> 0):
A,'I. = a(1 + x')t. (AlA,) 'I. = [JJt'/'!+''l,
(j).

Int
a(1+x')

J:../

" = sh 2

+(j)o

(12)

a = const < 1
'

(9)
[JJ and <po are constants; the constant which determines
the shift of time has been omitted. In our case

11 < 1.

where <J1. > denotes averaging over the oscillation period,
and the constant which determines the time shift in T(Tl)
has been set equal to zero.

(13)

The parameter a of the model determines the instant
(tM) up to which the gravitational influence of matter is
The equation (9) is valid up to the change of the equaimportant, in particular, in order that there exist an
tion of state. Let us note several interesting peculiarities
isotropic stage n f'! 1 (9), (10), it is necessary that the
of the solution (9).
condition a « 1 be satisfied. However, after the transi1. The principal peculiarity of the solution (9) is the
tion to the concluding stage of the evolution (12) the value
friedmannian time dependence of the volume y ~
of the quantity a loses its meaning (physical meaning is
Thus, throughout the second stage of evolution of the
possessed by the parameter K) and by means of a scale
model, t > t*, when matter gravitation plays an essential transformation of the coordinates xQ! for a t- 0 one can
role, the density of matter changes according to the
always reduce a to a convenient form (e.g., to a
Friedmann solution:
a = 1/(1 + K2)). If a = 0, the stage (12) is absent and
J1. - 0 for y - 00, cf. (10).
e "" 3/4(t + t,)'
The quantity K carries information on the duration of
in the solution (7);
the isotropic stage (cf. (13)). If tM ~ tF (the isotropic
e "" 21132t'
stage is practically absent; a ~ 1) then K ~ 1. At the
stage when the expansion of the Universe is determined
in the solution (8) and
by radiation (p = E/3), the quantity K decreases logarithmically and after the change of the equation of state
8 "" 3 [ 1- 1Iln
4t'
(p = 0) K decreases according to a power law (13). Thus,
in the solution (9).
the requirement of a sufficiently long isotropic stage (9),
2. In the solution (9) the anisotropy of the deformation (10) leads to the condition K « 1.

e.

C: e') ]/

tensor related to the oscillations of the quantity J1., and
in the final count, to the anisotropy of curvature, decreases very slowly, proportionally to (In tfl. This
means that in the models under consideration the anisotropy of the microwave background radiation related
directly to the anisotropy of the deformation will be a

It is important to note that the solution (12) does not
tend to the Friedmann solution but rather represents a
"frozen" perturbation of the Friedmann solution in the
Milne stage (K = 0). Indeed, both the perturbation of the
curvature, J1., and the relative difference of the Hubble
"constants" K2 are constant in this case. It is true, that

741
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the ratio A3/(AIA2)1/2 increases witpout bound for t - 00,
but the equations (5) admit a scale transformation of A3
and by itself an increase of this ratio does not yet mean
an increase of the deviations from the Friedmann solution. More precisely, at any instant of time t > tM the
model is described by a Friedmann solution plus small
corrections 3). In Sec. 4 it will be shown that the anisotropy of the microwave background radiation is also
small 4 ).

3. THE ISOTROPIZATION OF MODELS OF
TYPES IX AND VIII
Let us consider the Bianchi models of type IX and
VIII. In this case the following structure constants (2)
are different from zero:
C~23 = C~3l = - 1,

C~12 = - 6

(14)

the type IX model and Ii =-1 for the type VIII
model). We retain the same conventions regarding matter as in Section 2 (u a = 0). Then, without loss of generality, one may set Y,2 = )(23 = Y,3 = O. The equations of
gravity have the form
(0

lead to a special equalization of all three principal values
of the curvature tensor in the models of types IX and
VIII.
In the general case there appears an isotropic stage
with A3 « Al ~ A2, the duration of which is determined
by only one constant-the ratio (AIA2)1/2/A3 = Q3 at the
instant when the isotropic stage starts t ~ tF CtM is the
instant when the isotropic stage ends (w ~ 1); p = E/3):

In the model of type IX the instant tM coincides with
the time of maximum volumeS). As can be seen from the
solutions (18) and (19), the maximum of the volume is
followed immediately by the vacuum stage and the solution goes over into the Kasner solution with exponents
PI

= 1 for

(In AI)"'

+ AI' -

(In A,)"' + 1. 2 '

-

(1.2 -

61.,)'

(AI - 61.,)'

(lnA,)"· +1.,' - (AI-A,)'

"(e -

=

=

"(8 -

= "(e -

pi,
pi,
pi,

(15)

In the general case the term}, (E - p) starts influencing the solution at the instant when all Aa are different.
We relabel them in order of their magnitude at that instant (t ~ t*):
(16)
It can be seen from (15) that as long as A3 is suffiCiently

small:
(17)

the whole process of isotropization takes place exactly
in the same way as in the model of type VII (a = 0) (
(7)-(10). If (16) is valid the condition (17) can be violated only during the isotropic stage (9), (10) for IMI «1.
In this case, after the following condition is satisfied
_

(ft')

~

1,

there appears a solution which is a perturbation of the
axially symmetric solution of the system (15), Al = A2
» A3'
Al

For the equation of state p = E/3 under the condition
= A2 = A »A3, the solution of Eq. (15) has the form
AI.,

E"( = 300' = 3c'oo(a + 00- 600'),

( ~) 'I. =Q a+oo-6oo', (18)
A,

00

where c > 0, a, Q »1 are integration constants and the
function w = W (T) > 0 is determined from the equation
(In 00)" = c(a + 00 - 600').

(19)

A characteristic peculiarity of this solution is the presence of a long stage of evolution (for la I « 1) where the
expansion takes place according to Friedmann laws, but
the ratio A3/Al « 1 and is approximately constants>, Le.,
the most general conditions at the instant when matter
gravitation becomes important, t ~ t* (cf. (16)), do not
742

P'

= -'/"

p,

= '/3.

This solution is applicable up to the maximum of A3, as
long as the curvature related to A3 does not affect the
solution (cf. Fig. 1). At the instant of maximal A3 we
have:
(21)

In the early "vacuum" state, when matter gravitation
is unimportant, the expansion exhibits an OSCillatory
character, described in detail in refs. [2-5) .

1.,/(1. 11.,) 'I.

=
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After that the function A3 decreases, becomes smaller
than AI, A2 and a stage of small-amplitude oscillations
of i\" "2 starts, as described in[2]. The number of
oscillations of A" i\2 during the first large cycle, while
i\3 decreases monotonically, is
u. - (QF'/In' QF )'"

;:$>

1.

In the sequel, as it approaches the singularity, the
solution becomes OSCillatory with large amplitudes, like
in the viCinity of the first singularity. For the equation
of state p = 0 the solution of Eqs. (14) for the condition
Al = A2 » A3 has a more complicated form, however the
qualitative peculiarities of the solution are Similar to
those described above (cf. for more details[19,20)). It is
easy to estimate the path followed by light along the principal directions of the deformation tensor during the isotropic stage (a = 0):
__ I

L,-- 12

S (1.1.,) 'I•.dt-_ 12.S'
2

(1-600

')-'1,

_
doo-

{'I''It
for IX type
'l,sinh- l lforVIII type
(22)

(We recall that in the closed Friedmann model (A

= A3;

Ii = 1) up to the maximum of Y the light traverses a path
Lc) = 11/2.)

In the model of type VIII the gravity of matter becomes inessential after the time t M , (18),7) and the model
evolves asymptotically to the solution (23) (p = E/3):
(AlA,) 'I, "" /2,

1.3 - In t.

(23)

For the equation of state p = 0 the matter gravitation
(t > tM) has a "logarithmic" influence on the metric:
(24)

The most important conclusions are the following.
First, for arbitrary initial conditions the gravitation
of matter does not automatically lead to an isotropization
of the solution where all Aa are practically equal to
each other for a lengthy time. For such an isotropization a special selection of initial conditions is necessary.
Secondly, for arbitrary initial conditions (within a
A. G. Doroshkevich et al.
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the background is found in the model of type IX (VIII). In
this model light propagates along the principal directions
of the deformation tensor, and therefore the background
anisotropy has a quadrupole character.
An interesting peculiarity of the model discussed
above (Sec. 3) is the condition '\3 « '\1 ~ .\2 near the
maximum of expansion. This allows the light during the
late stages of expansion to manage to go a round the
Universe many times along the direction A3. The number
of times the light goes around is determined by the equation
No"" ('A,/'A,) 'I. "" Q'/':> 1.

The astronomical consequences of this will be discussed separately.

"3 .
FIG. I. The evolution of a model of type IX (p = €/3).

wide range) the solution exhibits a lengthy period where
the expansion is practically isotropic (with small corrections) and is well described by the Friedmann solution for critical density. However, the values of the
curvature tensor remain different and '\1 ~ '\2 » '\3.
4. THE ANISOTROPY OF THE BACKGROUND
RADIATION
We now turn to the anisotropy of the background
radiation during the late stages of expansion. We discuss
this problem in detail in [21] , here we list only the main
conclusions. Starting from some instant of time t1
(t1 > t c ) matter becomes transparent for the microwave
background radiation and the photons propagate freely.
The different velocities of expansion in different directions leads, after matter has become transparent, to an
anisotropy of the temperature of the background radiation for an observer at rest with respect to the matter.
As was shown above, the anisotropy of deformation of
the model during the late stages practically does not depend on the initial conditions. Therefore the amplitude
of anisotropy of the background radiation depends only
on the instant t when the anisotropic stage (9) begins, on
the instant tc when the equation of state changes and on
to. The amplitude of anisotropy of the temperature of the
background radiation in the isotropic stage for Sl ~ 1 is
related to the anisotropy of the deformation tensor and is
determined by the formula
(25)

A peculiarity of this formula is its extremely weak dependence on the time tF of isotropization of the model.
It follows from (25) that if one adopts for the instant of
matter becoming transparent the same value as the time
of recombination and assumes that 6. T/T ~ 10-3, then the
instant of isotropization will be close to the quantum
theory limit of validity of the general theory of relativity
tg ~ 10-44 sec.
The angular distribution of the intensity of the background radiation on the celestial sphere depends on the
anisotropy of deformation along null-geodesics[22] and
varies strongly from model to model. In the models considered by us the simplest structure of the anisotropy of
743
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In models of type VII the distribution of anisotropy of
the background is much more complicated. If the observations are carried out at a density which is close to the
critical value, when the equations (10) are still applicable, the angular dependence of the background anisotropy
is close to quadrupolar. In the sequel, if a -10, the quadrupole character of the background anisotropy is
destroyed, and similar to the case of the model of type
V[15] a spot begins to form.
In distinction from the models of the type V, in the
case under consideration the anisotropy possesses an
axial symmetry with respect to '\3. At the stage (12) the
temperature anisotropy of the background radiation related to the differences in expansion velocities along the
axes A1,2 and '\3 is given by the equation
/j.T ""

T

x'{

sin'q;

1 + cos q; ·thln(tlto)

}thln(~)

to'

(26)

cp

where
is the angle between the ray of vision and the
direction of the minimum of T. In Eq. (26) it is assumed
that at the stage (12), at the time to > tM the ratio 6.T/T
= O. For t » t o, as can be seen from (26), the size of the
spot is 6.cp ~ toft « 1. At this stage the maximal anisotropy (owing to different speeds of expansion along the
axes '\3 and '\1,2) is of the order K2.
In the genera,l case two effects contribute to the
anisotropy of the background radiation: 6. T/T in the
stage n ~ 1 (25) and 6.T/T ~ K2 in the stage (12) since
t1 « tM the maximal anisotropy is determined by Eq.
(25) with the angular distribution from (26), to ~ tM (up
to the time tM the angular distribution has a quadrupolar
characte r ) :
sin' q;
sin' q;
1 + cos q; th In (tlt M )

(27)
t>t ..

We stress that 6.T/T - const « 1 for t - 00; this conclusion differs from the conclusion of Collins and
Hawking[13], who have considered that the anisotropy of
the background radiation tends to infinity.
APPENDIX I
We consider the Eq. (5) with the condition a = O. In
this case cP = 0, and by means of a rotation of the tetrad
(2) in the 1-2 plane one can always select <p = O.
In the most general case at the instant T ~ T*, when
the gravitation of matter begins to affect the metriC,
(1.1)
A. G. Doroshkevich et al.
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c'

The system .(5) with the condition (1.1) reduces to the
form (p = (':/3):
(lnz)" = z + Y.

(Iny)"=2z-6y;

(1.2)

oj

where
z = 1(8 - p) = '/,81.

Y = At' / 3.
-----t-->;

For z »y, i.e., in the case when the gravitation of
matter becomes substantial far from the maximum of
the function A1, the solution of (1.2) (cf. (7)) is
A,'exp[4A(p.-'I,) (T-To)]
y=T
sh"I,A(T-To)

2A'
z=9sh"I,A(T-To),

(3)
I.

After the conclusion of the vacuum stage (%A (T* - To)
-1) we have the isotropic Friedmann stage (0 = 1):

~

2

A'
Y""_

z ""--('<-To)"

A _ 31'3

-FA,.

(-';-'<0)"

(1.4)

We shall show that every solution of (1.2) approaches
the asymptotic behavior (c!. (9):
7

1

T. =

y=4(,<-,<,)"

Z= 4(T-'<,)"

const.

(1.5)

We introduce the notations
~

= In (7y / z),

d6

= z"'dT.

(1.6)

Then (a dash denotes the derivative with respect to
~"+

E(~, ~') =

'/2 (In z')~' + (e' -1)

'I,s" + (e' -

~) =:' const -

Further, the condition (In z)"

(lnz)'=~>
Z'I,

=

0,

'I, S~"(ln z)' d6.

> z,
i

~)

(1.7)

(1.2) yields

z(z + 2(Ao/3)') 'I.

>2".

•

(1.8)

Thus, the equation (1.7) describes damped oscillations
with amplitude tending to zero. Indeed, E(" ,I) > 0 decreases monotonically to zero with the increase of ~ .
Hence/; - 0, 1;' - 0 for ~ - 00.
We now show that any solution of (1.2) manages to get
close to (1.5). For this we estimate the amplitude of the
first oscillation /; max after the conclusion of the stage
of anisotropic expansion (1.4). In the phase plane (1;; I; ')
the solutions of the equation (1.7) are represented by
converging spirals (Fig. 2). The zero-derivative line
d(")jdl; = 0 is:
,

2(1-e')

2

-

~o (S'S)=~ < (Inz)' <1'2.

(1.9)

n

FIG. 2. The phase plane (~,
of the equation (1.7). The spirals
(a, b, c, d) correspond to different solutions of the (1.7). The point
= 0 corresponds to the solutions (1.5). The spiral b corresponds to the
solution represented in Fig. I (up to the instant tF)'

r

where 1;;0, Ao are constants. The value of T1 is determined by matching the solution to (1.4) at j; ~ -1.
Obviously, the closer T* is to the point of maximum of
the function A1, the shorter will be the duration of the
isotropic expansion (1.4). If at the time T ~ T*, Z ~ Y
(the gravitation of matter is switched on in the region of
the maximum of A1), the amplitude of the first oscillation
is !::max $ 2-2.5 (the spirals c, d) and the amplitude of
the second oscillation is already much smaller than 1.
In this case the vacuum stage is followed immediately by
the solution (1.5), omitting the stage (1.4). If for T ~ T*,
A1 F::I A2 and z »y, the period of isotropic expansion
(1.4) bypasses (1.5) and is directly replaced by the solution (1.14). And finally, if J.I. < 1 in the vacuum stage, the
stage (1.14) follows immediately after the instant T ~ T*.
Such a character of the evolution of (1.5) is typical
for all homogeneous models (with the exception of those
of types I and V). The solutions of the type (1.5), (8)
where the gravitation of matter is essential, can be continued up to the singularity, however, they are explicitly
unstable for t - 0 (T - -oc)-small perturbations grow
near the singularity and lead to the general vacuum
(Kasner or oscillating) asymptotic behavior.
The solution (1.5) is applicable up to the time when
J.I. ~ 1, after which follows the solution (9) with small
amplitudes IJ.l.I « 1. In order to estimate the amplitude
of the first oscillation, J.l. max ' it suffices to note that
A,A'/-t' / 3z - y / Z - '/, < 1

At the instant T

~

T* we have from (1.3)
(1.10)

A point in the phase plane with coordinates in the region
(1.10) will obviously move in the sequel along the line
'~(I;,~) (the spirals a, b); this is the Friedmann portion
o = 1 (from (1.4) we have (;' "" 2 112 ). Since the zeroderivative line is situated below the level 1;' = 2112 we
have/;' < 21/2 at the point' = O. Hence we obtain from
(1.7)
E(~mox, 0) =

exp (~m=) - ~mox < E(O, ~')

for J.I. F::I 1. Therefore one may assume that over the first
few oscillations of (J.I.)z, and consequently also A1A2, do
not have time to change much (c!. (9)). Then we have
for J.I. < 1
••
2l'3B,
wt- ('<._T)'I,/-t=O,

--

'I,

/-t=1'T,-TZ_'I,(2'1'3-' I'B, (T,-,<)-'I,),

(1.13)

where Z-2/3(T) is a cylindrical (Bessel) function. Matching (1.5) and (1.13) at J.I. ~ 1 we obtain for the amplitude
of the first oscillationS) J.I.
~ 0.36. This estimate is
approximate but agrees willFwith a computer calculation.

(1.11)

The stage of small oscillations IJ.l.I « 1 is, properly
Thus, in the most general case, the oscillations around speaking, the result of the isotropization. We shall call
this stage "isotropic" (not to be confused with the stage
the solution (1.4) will start with the amplitude ~max S 1
(1.4)). It is important that if the condition (1.1) holds we
and will be damped out rapidly according to the law
have a Single parameter depending on the initial conditions-the instant of beginning of the isotropic stage (9)
~ = So(T, - T)"'sin( 23 In~),
Isl« 1,
T, - '<
T<J>(J.I. ~ 1) (in the sequel the constant Tl will be set equal
. (1.12)
to zero, since it has no physical meaning in the isotropic
Z= 4('<~'<I),(1-1~)'
stage).
=

'/2S" + 1 < 2, ~m= < 1,15.
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There remains to investigate the behavior of the solution of the system (5) in the asymptotic region 1J.1.1 « 1.
This case is discussed in detail in refs.[19,20). Here we
list only the result. For the equation of state p = E/3 the
solution has the form

The functions /3(T) and 8 (T) are represented as series in
the powers of 1/v (v = In(D/T) »1):

~=~[1- D,+~_~+o(~)],
2v

v

2v

v'

B=~[1- D, -~+o(~,)]
v

v

2v

v'

(I.15 )

;

4,

D - 'Fe",

h ~ 1.

For a mixture of radiation (p = E/3) and nonrelativistic matter (p = 0) the solution has the form
(A A)'" = - 4h 'FB(1jJ)
1 2
Te 2 shit 'tV '

c' [ 1--~(1jJ)
1
] ,
1'1.=-'-

sh'1jJ

2

(1.16)

I'=~2B-'I'sh'1jJsin16h '''', S B~1jJ) d1jJ+O( 1:':
2 TF

To

sh 'P

Ipt _ p,l

I',_,,::l> max 1, I'min = 2 arsh

'

If (11.2) holds, all conclusions regarding the stage (1.5)
are valid. Further, we obtain from (5)

. ,,,"

(

A')"

= - -Sa
:---

4(Tt -17)

for
(II.3)

"" -1,

Consequently, all conclusions relative to the transition
to a stage of small oscillations of J.1. remain in force, and
the solution (5) goes over into the isotropic stage (1.18)
with a minimal gap J.1. m in much smaller than the oscillation amplitude J.1. max ' In this case the solutions for J.1. (T)
in the region of J.1. min coincide with those determined
in [9): in the vicimty of the point J.1. m ' «1 there occurs
a mirror reflection of the function J.1.~·h relative to the
level J.1. =: O.

B-'I'sh 4 1jJ),

TF

(1.17)
where

In (9) it was shown that the rotation of the principal
axes of Yab leads to an effect of reflection of Al and A2,
Le., J.1. can have only one Sign (J.1. > 0). In the most general case in the "vacuum" stage we have J.1. max »J.1. m in
and the condition (1.1) has the form
•
2aI3P,-11}
(II.2)
{

2<psh -=a In--2
(AtA,)'"

D, Do, and h are constants. (The oScillatory part has an
exponentially small factor e- 2v for /3(T) and e- 4v for
8(T).) Matching this solution with (7) yields the orders of
magnitude
VF ~

(a'; 0) occur in the same manner as in the case a = 0,
i.e. effects related to rotations of the tetrad oriented
along the principal axes of the matrix Yab must be taken
into account only during the third stage.

Thus, the maximal amplitude of oscillations coincides
with (1.17) and the solution (1.18) is valid:

1/2 sh 21jJ - 1jJ = -17 / 1:,

(II .4)

is the solution of the Friedmann model n = 1 (/3 = 0,
Tc = - 3112/c~Ll determines the instant when
the density of radiation and the density of matter are
equal (ITcl « ITFI), d = LUL2 (cf. (5)).
Up to first order in V-I (v = In[(D/Tc )sinh- 21j;] » 1):

o = const);

.

~ = 1/2 B(3sh-'1jJ

+ 1- 31jJ sh 1jJsh-'1jJ),

B- t = -'/,1jJ eh 11' 8h-' 1jJ + In (We" /17,) - e'· + '/, sh-'1jJ.

(1.18)

In the two limiting cases we have from (1.18):
1

1jJ<-1,

~ "" 2 In (D/'t)

~""

D
6- t ""ln-.(see.1.15)

1:

,

( 317 ) 'I,

1

5In(Dh) -217,

'

B- '

D
9 (-31:
''''In---

1:,

5,

21:,

The size of the gap J.1. m in varies according to the law
(p = E/3):
1Lm,. "" 6a

D)'I.
/( ln~'

(II.5 )

(II.4) is valid as long as J.1.m~ »J.1. m in' In the case
J.1. max "'" J.1. m in we have from \:J)

~ "" (AtA,) ''',

I' "" (17 F'AtA,) -". exp

{a S(AtA,) ". d, } ,

IL < 1.

(II. 6)

<F

(1.19)

)'/' .

We estimate the integral (II .6) at the end of the isotropic stage 9):

as (A,A,)'" dT "" L,2-'"~_"',l'fif
'M

I I,,; I I
1::I::l> I~I .

(II.7)

After the changeover of the equation of state all devia- Consequently, the solution (1.18) is valid up to a time of
tions from the exact Friedmann solution die out quickly:
the order of TM' We show that towards the end of the
isotropic stage we always have (II.6)
(1.20)
<P - :~ SAtA'I" d1: - (AtA,) '''{
(A,A,) '10 dT} - (AtA,)'"
(II.8)

as

. 'F

(cf. (II.7)).
Thus, towards the beginning of the third period 10 )

APPENDIX II

Jl = /-to ~

We consider (5) with the condition a > O. In this case
the isotropic stage (1.16), (1.18) continues up to the instant TM, after which follows the third era of evolution
(cf. supra), when the gravitation of matter is inessential.
The duration of the isotropic stage is

(1:)

a1:. ) 'I. ::::: a --;;
( --;.;-

Y,

Nell,.

(II.9)

From (5) it follows that during the third stage
(AtA,) 'f. = -1/2a(1: - 17,),

,,= const = 0,14,;".

(11.10)

It is important that (11.10) is the asymptotic behavior for

(a « 1; for a ~ 1, TM/TF ~ 1). It is easy to show that
the first and second stages in the open model of type VII

all the solutions of the system (5). (The corrections to
(II.10) related to the presence of matter decrease according to a power law.) It is easy to show that any solution of the equations (5) tends asymptotically (for y - 00)
to (II, 11) (for any a > 0):
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,

2

4a'AIA,,,,,-,,
'fM

(1:M)
"'_(1:'F)'/'
- aN,<1
TF

(11.1)
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(II .11)
Let us denote
.
'/ (
!p~()..,)..J'

1-114sh Z/t )

(II.12)

'

Then it follows from Eq. (5) (the accent means derivative
with respect to 11
(f' + /t") 'I, ~ -

+4

f

(f

I

+ /t") 'I,

f (f' + /t")

'I, (In 1)..')..2)' dT]

/t-

sh"2 {(In l'J..,)..,) , - 2al dT]

(n.13)

+ const.

9)a- 1 can be interpreted as the number of oscillations in the isotropic
stage (cf. (II.7)).
IOJIf at the instant r - r*, 11 - I1min ~ I, the solution of (5) misses (1.5)
and goes over into the stage.p "" (AIA2 )1/2, sinh 11 "" const (A A )-1/ 4 exp
1/2
.
.
I 2
{a f (A IA2) dT}. The estimates for the mtegral agree with (II. 7).
I°It is important to note that this conclusion does not depend on the
presence of matter. One can show that in an open model of type VII
(a> 0) always after the stage of "vacuum" oscillations, towards the
time tM( rM) the oscillations of 11 are damped out, therefore directly
after the time rM any solution of the system (5) goes over into the
stage (II. I I). for details, cf. [19].
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