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The theory of critical velocities at zero temperatures is considered. An investigation of the vortex-ring spectrum in a finite cross section channel shows that the
Landau critical velocity for vortices vanishes. However, the probability for production of a large vortex is very low and hence in a ring channel and at T = 0 persistent helium currents should exist up to velocities close to the critical Landau
velocity for a phonon-roton spectrum. It is shown that the region of applicability
of the theory for T = 0 is restricted to comparatively low temperatures and small
channel lengths. In this connection it is suggested that when the temperature and
channel length are reduced to such an extent that the condition for complete disappearance of the normal component obtained in the present paper is satisfied, a
considerable increase of the critical velocities may be expected such that the velocities approach the Landau critical velocity for the phonon-roton spectrum.
INTRODUCTION

the structure of the vortex core. This is done in the
present paper (Sec. 1).

Experimental measurements of the critical velocities
in superfluid helium at low temperatures [1J show that
The question of the vortex-ring energy as r ~ R was
they are much lower than the critical velocity determined .considered earlier by Fetter [8 J , who obtained, in the
by the Landau criterion for the known phonon-roton spec- weakly non-ideal Bose-gas model, a finite value for the
trum of elementary excitations E(p);
vortex energy at d = R - r ~ 0, which he equated to half
the energy of a pair of vortices located far from the wall
VL ~ min e(p) / p,
(1)
and separated by distance 2d. This method of estimating
where p is the excitation momentum.
the vortex energy is suitable, however, only so long as
d »A. A variational estimate of the energy of a vortex
Critical velocities close to the experimental values
located at a distance d « A from the wall, where the
are obtained only if the Landau criterion is applied to
wave function vanishes, is made in Sec. 1 and shows that
the spectrum of vortex rings [2J. Such an explanation of
as d ~ 0 the vortex energy vanishes, and consequently
the observed critical velocities encounters, however, a
the Landau critical velocity also vanishes for the vortex.
large number of difficulties. Some of them are connected with the question as to the form of the spectrum of
Another question that called for additional analysis
the vortex states.
was that of the physical meaning of the vortex momentum
defined by expression (3), The point is that when energy
Initially, the critical velocities were determined by
and momentum are defined in classical hydrodynamics,
using energy and momentum expressions derived in
one usually considers a liquid that is at rest at infinity.
classical hydrodynamics for a vortex ring with circulaWith such boundary conditions it follows directly from
tion h;fu, situated in an unbounded liquid [3J
the mass conservation law for an incompressible liquid
in a channel with a finite cross section that the average
ph'r (
r
)
e~-- lll-+b
(2)
velocity over any cross section of the channel vanishes
2m'
A
'
both in the presence and in the absence of vortices.
p ~ nrhr' / m,
(3)
Therefore the total momentum of the liquid also vanishes' and expression (3) defines the Kelvin momentum,
where p is the density of the liquid, m is the mass of the
which is the time integral of the resultant system of
particle, r is the radius of the vortex ring, A is the
forces that cause the liquid to go over into the correcorrelation length and determines the dimension of the
sponding vortex motion from the state of rest [3, 9J •
vortex core, and b is a constant on the order of unity and
Such a definition of p in (3) is not satisfactory, since
depends on the structure of the vortex core. It is seen
it is precisely the finite-state momentum and not the
from (2) and (3) that Eli:> decreases monotonically with
Kelvin momentum which is important in the determinaradius r. The critical velocity was assumed to be dp
for r equal to the transverse dimension of the system. In tion of the critical velocities. Some workers[lO, 11J have
therefore expressed doubts concerning the validity of the
this case, however, the influence of the walls must be
use of expression (3) to determine the critical Landau
taken into account when E is determined. Calculations
within the framework of classical hydrodynamics[4,5J
velocity.
have shown that the energy of the vortex in a cylindrical
The question of the vortex momentum is considered
channel of radius R depends as r ~ R on the structure of
in Sec. 2 for the case of a liquid flowing in an annular
J
the vortex core, and in particular can vanish[4 , meanchannel. In quantum hydrodynamics, it is necessary in
ing the vanishing of the Landau critical velocity.
this case to satisfy a periodic boundary condition for the
It seems useful in this connection to consider this
phase of the superfluid liquid, namely, the phase should
question in the model of a weakly non-ideal Bose gas, a
acquire an increment equal to a multiple of 27T on going
around the ring. It follows from this condition that an
model used, starting with the papers of Pitaevskil [6J
incompressible liquid cannot be immobile far from the
and Gross [7 J , for quantum -mechanical calculations of
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vortex. The liquid undergoes translational motion, and
this motion is what determines the total momentum of
the vortex state of the liquid. In the general case, the
latter momentum is given by expression (3) with an increment that is a multiple of the quantity Nh/L = Sh plm,
where N is the total number of particles and S is the
channel cross section. In other words, the Kelvin momentum is the momentum of one of the possible vortical
states.
Thus, the investigation carried out in Secs. 1 and 2
shows that the vortex states always include some states
in which the transitions from the ground state are energywise allowed for arbitrarily small velocity of the
liquid, Le., the critical Landau velocity for the vortices
vanishes.

question of the temperature limit up to which the simple
Landau theory can be used.
This question is discussed in Sec. 4 for a liquid in an
annular channel. For such a channel, the present author
obtained the dependence of the free energy on the momentum at T = 0 and T > 0 in an earlier study [15J. An
analysis of these relations shows that the normal component of the liquid can be disregarded only at very low
temperatures, or as long as
pn

I p

~ )./

L,

(4)

where L is the length of the annular channel and Pn and
p are the normal and total densities of the liquid.

If condition (4) is satisfied, it is legitimate to use the
Landau theory, which attributes the destruction of the
superfluidity to transitions from the ground state with
On the other hand, in order for such transitions to be
able to lead to damping of superfluid flow, their probabil- transfer of the momentum to the channel walls. However, all the critical-velocity measurements known to
ity must be quite high. However, as was first shown by
this author were performed at higher temperatures,
Vinen [12, 13J , the production of a large vortex ring is an
when condition (4) is not satisfied. In this case the lifeevent of rather small probability, since it is connected
time of the flow state can be determined by interactions
with the change of the state of the liquid in a large volume. An estimate of the matrix element of the transition between already existing excitations. If this is indeed
the case, then one should expect that lowering the temto the vortical state, which is given in the present paper
perature will lead to an increase of the critical veloci(Sec. 2), confirms Vinen's argument.
ties up to the values of the Landau critical velocity for
It should be noted that the wave function of the vortithe phonon-roton spectrum.
cal state is usually chosen from the condition that the
The concluding section of the article discusses condienergy be at minimum (see Sec. 1) at a fixed position of
tions under which the indicated increase in the critical
the vortex line (Le., the line where the density of the
superfluid component vanishes and the bypassing of
velocities might be observed.
which causes the phase to increase by 21T). This vortical
1. WAVE FUNCTION OF VORTICAL STATE OF
state will be called stationary, since the time derivative
of the density is equal to zero, and the spatial distribuWEAKL Y NON·I DEAL BOSE GAS, AND VORTEX
tion of the phase is the same as in an incompressible
ENERGY NEAR THE WALL
quantum liquid. Since the appearance of a vortex in such
To describe the condensed state in the model of the
a liquid, according to Sec. 2, is accompanied by the appearance of motion in the entire volume of the liquid, the non-ideal Bose gas, we introduce the N-particle wave
function
probability of a transition to such a state is very low.
'I' ( )
Therefore the lifetime of the flows state at velocities
\I"'~ II~,
(5)
lower than the Landau critical velocity is determined by
YN
those transitions to the vortical states for which the
spatial distribution of the phase is determined not by the where the condensate wave function >¥(r) = f (r) exp (icp (r))
is normalized to the total number of particles, and the
minimum of the energy, but by the maximum probability
equations
for the real amplitude f(r) and for the phase
of the transition from the ground state, provided that this
transition is energywise allowed at the specified velocity cp(r) (the Gross- Pitaevskil equations)
of the liquid. Ina vortex state defined in this manner,
fI'
h'
- - 172/- -/('V'p)' + gi'- 1"1 ~ 0,
(6)
the liquid is in motion only near the vortex line, and the
2m
2m
time derivative of the density differs from zero, although
21\' l'Vrp + /,V"P ~ 0
(7)
the density does remain constant everywhere except at
the core of the vortex. Such vortex states will therefore
are obtained by minimizing the functional
be called nonstationary or deformed. Although the transition probability is much higher in these states than in
!lJ~E-I"N~ J{:~(17f)2+f'(17<P)'+ ~ r}dT-I"S f'dT, (8)
stationary vortex states, it is still much too small to explain the experimentally observed critical velocities.
where
A way out of the situation produced here can be sought
g~ fV(r)dT,
in either of two directions. First, we can attempt to seek
other types of excitations capable of yielding the experi- V(r) is the short-range two-particle interaction potential, dT is the volume element, and J.l is the chemical
mentally observed critical velocities. At the present
time, however, neither theory nor experiment is in
potential. For the vortical state, the amplitude f(r) vanishes on the vortex line, and the phase cp (r) acquires an
possession of data on the presence of such excitations.
increment 21T on going around this line.
Second, one can hope to obtain sufficiently low critical
velocities by forgOing the simple Landau theory proposed
Let us consider a straight-line vortex parallel to a
for absolute zero temperature and taking into considera- plane wall located at a distance d away. Let the wall
coincide with the yz plane, let the z axis be parallel to
tion the existence of a certain number of excitations in
the vortex, and let the vortex lie in the xz plane, Le., we
the liquid at temperatures corresponding to the experimentally measured critical velocities. Such a possibility. have a two-dimensional problem with coordinates x = 0
was already pointed out by Cooper [14J. This raises the
for the wall and x = d and y = 0 for the vortex.
N

i=(
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The boundary condition at the wall is used in the form
In the absence of a vortex, i.e., in
the ground state, Eqs. (6) and (7) have an exact solution [16J
>¥

= 0, i.e., f = 0. 1)

/0 =

<p =const,

(pi m)'!'th (x

1121.),

(9)

where p is the density of the liquid far from the boundary
and the correlation length A and the chemical potential J1
are determined by the expressions
(10)

If the vortex is far from the wall (d » A) and the
liquid at infinity is at rest, then the phase cp is the imaginary part of a function that is analytic in w = x + iy:
'f ~ 1m {In (w-d) -In (w

+ d)}.

(fl

I m)"(1- 2£1')..' I r,'r,'),

(12)

where r1 = [{x - d)2 + y2Jl12 and r2 = [(x + d)2 + 1]1/2 are
the distances to the vortex and to its image. Matching
the solution (12) to the numerical solution of Ginzburg
and Pitaevskit[16J for an isolated vortex, we obtain the
energy of the vortex
f = -1 l I -h'p
. , (2,92d
IIl-.-+O ( - i. )) ,
4JT
nr
I.
d

In the opposite limiting case d « A, it is impossible
to obtain an exact expression for the vortex energy, but
for our purposes it suffices to estimate the upper bound
of the energy of the vortex state by a variational method,
by choosing suitable trial functions for f and cp:

{:l\)

Yplm[l-('xp(-r , IZ)],

1111 {Ill (IV - d) -In(w+ b) + (b + d) / (w + a)},

([ (w) =

Let us determine the momentum of the vortex for a
quantum liquid in a ring with average circumference L.
If the thickness of the ring is much smaller than L, then
we can replace the annular channel, with sufficient accuracy, by a straight channel of length L, with periodic
boundary conditions imposed on its two ends. The total
momentum of the liquid at a constant density of the liquid
is
P

(14)
(15)

llh'p ~
{[ I-(,xp (---'-I ' )]' -1
f=--::;-,Sd~'Sdy
1nrl.~

-+

2x(x - d) [
II',

+x' [ j

('\1'

- ('Xl'

(

..

,

1")

-"f

I

-(,Xl'

(2r,)]

"I

I
1')]'1 -;;-_---:/( -----j-

x' p (21" )
+7('x
'-'1

w -+1 ,,'

-

b-f-d
+~

(w

I'}

(16)

where g(l/d, aid, bid) is a function that depends only on
the dimensionless constants l/d, a/d, and b/d.
For the purposes of the present work, there is no
need to calculate the integrals that determine
G(l/d, a/d, b/d) (they all converge) and then to minimize
with respect to a, b, and l. Expression (16) shows that E
tends to zero like d2 as d - O. The same can be stated
also concerning an annular vortex of radius r in a cylindrical tube of radius R as d = R - r - 0, the energy of
which is determined by expression (16) at H = 21Tr.
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S \/'pd,;,

P =~Ii[ ('Pz - 'p,)S ± 2rrS,1,
m

(17)

(18)

where the sign of Sv depends on the sign of the circulation, CP1 and CP2 are the values of the phase at the ends of
the channel, and Sv is the area of the projection of the
cut on the plane yz (the x axis coincides with the channel
axis).
If the incompressible liquid is at rest at infinity, then
P = 0 (see the Introduction), whence CP2 - CP1 = ± 21TSy /S.
Thus, CP2 - cp 1 is not an exact multiple of 21T. To satisfy
the periodic boundary conditions, it is necessary to impart translational motion to the liquid, and it is this motion which determines the momentum of the vortical
state

where a, b, and l are constants subject to variation and
fo is the amplitude f without the vortex as defined by (9).
Substituting (14) and (15) into (8) and subtracting the
value of wfor the ground state, we obtain an expression
for the vortex energy in which the main contribution is
made at d « .~ by the first two terms in (8), with gradients Vf and vcp:

=

Let a vortex ring be present initially in the channel,
and let the phase cp acquire an increment 21T on gOing
around the vortex line. To make the phase cp unambiguous, we draw a cut in the form of a piece of the surface
passing through the vortex line and lying inside it. The
volume integral in (17) can then be transformed into a
surface integral over the boundary of the region and
over the cut, and as a result we obtain for the momentum component along the channel axis [10J

(13)

where H is the length of the vortex and O(A/d) is a quantity of the order of A/d.

f~f,,(1 '('xp(--r,II)) "" (~'I

2. MOMENTUM OF VORTEX IN QUANTUM
HYDRODYNAMICS

(11)

The asymptotically exact solution for the amplitude f
at distances much larger than A from the wall and from
the vortex line is of the form
/ =

Thus, the energy of the vortex can vanish at a finite
value of the momentum, i.e., the critical Landau velocity
is zero for vortices.

P

=

Slip
2n(k ± S,.IS)_,
m

(19)

where k is an integer.
If k = 0, then we obtain the Kelvin momentum from
(19). If Sy - S, i.e., the vortex vanishes on the wall, then
the only thing present in the entire volume is translational motion that differs by a single momentum quantum
21TSpn/m from the state at Sv = O.
Expression (19) shows that purely translational motion of the Bose condensate can appear only at quantized
values of P that are multiples of 21TSpn/m; this is a
manifestation of the quantization of the angular momentum of the liquid in the vortical channel, and is analogous
to the quantization of the magnetic moment in superconductors.
The non-quantized values of the total momentum P
correspond to vortical states. In order that the energy of
such a state be minimal at a given P, the length of the
vortex line should be minimal at a given area Sv of the
projection of the cut connected with this vortex line,
since the energy is proportional to the length of the
vortex line. Therefore vortices that begin and end on
the walls of a channel whose vortex lines are circular
arcs perpendicular to the walls of the channel and lie in
a section perpendicular to the channel axis have the
lowest energies.
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It is obvious that expression (19) determines the
summary momentum at any spatial distribution of the
phase cp. It can be only continuous and obtain an increment 21T on going around a vortex filament and 21Tk on
going around a ring. In particular, it is applicable also
to a nonstationary state of a compressible liquid for
those instants of time when the density of the liquid is
constant in space, but the average velocity of the liquid
is different in different cross sections of the channel,
and therefore the time derivative of the density differs
from zero. Among these states are the deformed vortical states considered in Sec. 3. For these states, the
velocity of the liquid differs from zero only near the
vortex line, and there is no translational motion far
from this line.

3. LIFETIME OF CURRENT STATE AT T = 0
AND AT LOW VELOCITIES
We consider a liquid that moves in a closed annular
channel with a certain velocity v and is in the ground
state in a reference frame that moves with the same
velocity. If we use the model of the non-ideal Bose gas
to describe such a liquid, then stagnation can occur in
such a model as a result of two different types of quantum-mechanical transitions.
First, quasiparticles (bogolons) can be produced in
the gas, and then the change of the summary momentum
is accompanied by a decrease in the number of particles
of the condensate.
Second, the average velocity of the superfluid component can change, in which case all N particles remain
in the condensate but the condensate function that determines the N-particle wave function (5) is altered.
For the transitions of the first type, the critical
Landau velocity is large enough and equal to the velocity
of sound. Therefore at velocities lower than the Landau
critical velocity for the quasiparticles, the time during
which the stagnation of the liquid takes place is determined by transitions of the other type, which, as follows
from the preceding sections, are energywise allowed
for an arbitrary low liquid velocity. The estimate presented below, however, shows that the probability of such
transitions decreases rapidly with decreasing velOCity.
Transitions between states corresponding to different
momenta can occur only via interaction with the surrounding medium; this interaction violates the translational invariance of the Hamiltonian. Such an interaction
can be represented with sufficient degree of generality
in the form of the sum of M single-particle potentials
acting on the N particles of the liquid:
H,n'

=

N

M

;=1

J=1

££

(20)

V;(ri),

Vj (r i ) is the potential of the j -th scattering center acting
on the i-th particle of the liquid. The scattering centers
can be impurities or roughnesses on the walls.
The transition probability is proportional to the
square of the modulus of the matrix element of the transition and can be represented in the form:
W = A' 1('I'oNIHin,I'I',N) I'

('1'1'1'»)
=A' °l·~
~('I'oIV;(r')I'I',)
oN'

N_,ol' =Aexp(-r), (21)

j=t

where the constant A' is determined by the density of the
final states, >Ji o and >Ji 1 are the condensate functions of
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the initial (ground) and final (vortical) states, and the
argument r of the exponential is determined by the overlap integral (>Ji o 1>Ji 1 ) = j>Jici >Ji 1 dT:

r=

-

2N Re ( In

('1'01'1',) )
N

(22)

.

On the other hand, the quantity exp(-r) is none other
than the square of the modulus of the scalar product
1(>Ji~1>Ji~)12 = IN- 1 (>Ji o l>Ji 1)1 2N. The reason why the wave
functions >JiN and >JiN are not orthogonal is that the model
is approxirrfate. Thk point is that, strictly speaking, >Ji~
is not an exact eigenfunction of the total-momentum
operator, although the quantum fluctuations of this quantity are exceedingly small.
Apparently, however, at large r the errors connected
with the non-orthogonality affect only the pre-exponential factor in (21). This is confirmed by an estimate of
the matrix element for the transition from >Ji~ to the
wave function ~ = >Ji~ + 0!>Ji~, where the constant o!,
whose absolute value is equal to exp(-r/2), is chosen
from the condition that >Ji~ and >Ji~ be orthogonal. Such
an orthogonalization does not affect the argument of the
exponential. Thus, the probability is determined principally by the overlap integral.
If the condensate function >Ji 1 is chosen from the condition that the energy be a minimum and satisfies the
Gross- Pitaevskir equation, then we obtain exceedingly
small values of W, inasmuch as in accord with Sec. 2
motion is produced in this case in the entire volume, and
the argument r of the exponential turns out to be proportional to the length of the channel.

To find the quantum -mechanical transitions that are
most effective for the destruction of superfluidity, we
seek a condensate function >Ji 1 that maximizes the overlap integral (>Ji 0 1>Ji 1) under the condition that the transition to the corresponding vortical state2) >Ji~ is allowed
by energy at the given velocity v of the liquid, i.e., the
energy and the momentum of the vortical state satisfy
the condition up = v. Under this condition, the largest
values of the overlap integral, like the smallest values
of the energy, are obtained for vortex lines that are circular arcs perpendicular to the walls. We consider
below a case when the radius r of these circles is much
smaller than the radius of curvature of the wall, which
can therefore be regarded as plane, and the vortex line
is a semicircle. The Kelvin momentum for such a vortical state is p = (1/2)1Tr2ph/m.
The vortical state corresponding to the maximum of
(>Ji ol>Ji 1 ) will be called a nonstationary3) or deformed
vortical state, in contrast to the stationary vortical state
corresponding to the minimum of the energy. The condensate wave function >Ji 1 = f 1 exp(icpl) of the deformed
state is determined from the condition that the functional
$,=

where

Zo

r1l ~

JeXP(iq>,(r'))f,(r')d-r/-z o

;,

(23)

is a Lagrange multiplier, be maximal.

Variation of the amplitude fl of the condensate function cannot lead to any noticeable increase of (>Ji ol>Ji 1 ).
We shall therefore vary only the phase cP b assuming that
fl assumes the same values as for a stationary vortical
state.
Without loss of generality, we can assume cp 1 to be an
odd function of x (the x axis is directed along the axis
of the vortex ring) that vanishes far from the vortex and
has a cut over a flat semicircle bounded by the vortex
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ring. From the condition of the maximum of <1>1, we obtain
\7'erl = Sill 'PI/I',

I' = tz'z" / pm.

(24)

We can solve (24) and find r by using the condition
A « 1 « r, which is valid at u «c (c = ti/J2Am is the
speed of sound).
The constant-phase lines in a section passing through
the channel axis are shown for this case in Fig. 1. The
main contribution to the overlap integral (lJI OjlJl 1) and to
the energy are made by regions I and II:
I. Here cp l(r') varies only along the x axis, and Eq.
(24) becomes one-dimensional; when the boundary conditions at x = 0 and x = 00 are taken into account, we have
for CPl the following solution at x > 0:
'P. =

'talct~ [ -

(tg .~ )ex!' ( - T)] .

(25)

This region makes the principal contribution to the
expression for (>Ito j>¥1) and to the energy E; this contribution is proportional to r2.
II. Region near a vortex line, with a transverse
dimension of the order of l. Its contribution to (lJI ojlJl 1)
is of the order of I/ r relative to the contribution from
region I, and is therefore discarded. This region, however, makes an appreciable contribution to the energy.
Near the vortex line, the right-hand side of (24) can be
discarded, and the spatial distribution of the phase cp 1
turns out to be the same as for a stationary vortical
state. As a result, the contribution to the energy from
this region II turns out to be proportional to r In (I/A).
We finally obtain the expressions
(11'0 I'V,) =

NO - 2nr'L / LS),

(26)

+::T.'or~ln~

(27)

e= 2ntz'pr2
m!l

.

m-

t.

The relative error of these expressions is of the order
of 1/ln (I/A).
It is next necessary to find the extremum of the functional <1>1 with respect to r, and then to express the
Lagrange multiplier Zo and the length I associated with
it in terms of the velocity v, after which we obtain
6tz

nl
1
3tz
h
r=-In-=-In4
i.
2mi'
Amv

1=-.
Jtmli

e = 3n'tz'pr In-'"m-

h'p

I.

tz

r=27-(ln-)
m"o:]
i.mu·
2

=

I I exp (ier. (r,)) 'V,'

and a is of the same order as the distance between molecules.
Inasmuch as a noticeable change of the phase cp l(r')
occurs at distances of the order of I, then at I greatly
exceeding the intermolecular distance the wave function
lJI~, as a function of the coordinates of one of the particles at a fixed position of the remaining particles, goes
through very many oscillations over the length I, and it
can be replaced by a mean value. Therefore, performing
the calculations in the limit of low velocities v, we again
obtain expression (30).
Although the value of r for the phonon-roton spectrum
in helium is not very large at velocities on the order of
the Landau critical velocities, it increases quite rapidly
with decreasing v. Thus, r = 10 4 at v = 10 m/sec, leading
to a vanishingly small probability of such a transition for
any reasonable value of the pre-exponential factor A in
expression (21) for the transition probability.
4. DESTRUCTION OF SUPER FLUIDITY AT
FINITE TEMPERATURES

The entire expOSition in the preceding sections pertained to the case T = 0, when there is no normal component of the liquid. On the other hand, the presence of
excitations in the liquid can greatly influence the stability of the flow states.

(28)

Let us examine the conditions necessary to realize
undamped currents in a ring, both at T = 0 and at T > O.

(29)

Undamped currents of a superfluid liquid in a ring
can be connected with the presence of minima on the
dependence of the free energy on the current (or the
total momentum), just as in the case of superconducting
rings, which were considered by Byers and Yang [21J .
Such a dependence for a quantum Bose liquid was obtained in [15J. Figure 2 shows the dependences on the
momentum p of the free energy F(P, v) of a subensemble
of microstates with given translational superfluid velocity. Since no vortical states were considered in [15J ,
v assumed only quantized multiple values of ti /mL. The
total free energy

(30)

Although the formula for r was obtained in the model
of a weakly non-ideal Bose gas, it is apparently valid
also forhelium 4 ). In this case the N-particle wave function is usually expressed [2, 13J in the form
'V. N

FIG. I. Constant-phase lines in a section passing through the axis of
a vortical half-ring, for a nonstationary vortical state.

where the wave function lJI~ of the ground state is no
longer equal to a constant, as in the model of a weakly
non-ideal Bose gas. For estimation purposes we can
F(P)= - kTin Lexp (- F(P, v)/kT)
choose lJI~ in the form a wave function that vanishes if
accurate to kT, is the envelope of the family of curves
any two particles have approached each other to a disF(P, v) (the curve motoml t1m2 t2 m3 on Fig. 2a and the
tance shorter than a, and is equal to a constant in the
remaining part of configuration space. Such a wave func- curve motom1tlm2t2 on Fig. 2b). On each F(P, v) curve
tion was used by Penrose and Onsager[20 J to estimate
there is a minimum at the point mi' so long as v does
not exceed the critical Landau velocity for the quasiparthe number of particles of the condensate in the helium,
498
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J
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2 '-... t,

o

o
2hN/L

JbN/L

FIG. 2. Dependence of the free energy on the momentum: a) T =
0, b) T > 0. The lines 0, 1,2, and 3 show the free energy F(P, v) respectively for the values v = 0, h/mL, 2h/mL and 3h/mL.

ticles. At T = 0, these minima are also minima on the
envelope of the F(P) curve, which represents the minimum energy Eo(P) at a given summary momentum P.
At T > 0, however, the minima on the F(P) curve vanish
at sufficiently low superfluid velocities, not exceeding
the quantity Vo = hp/2mLPn'
Using the analytic expressions for F(P, V)[15 J , we
can easily verify that the free energy F(P) has the same
form as at T = 0, so long as the maximum momentum
LS p v L that can be carried by the normal component in
a ref~rence frame moving with superfluid velocity stays
much smaller than the distance Nh/L = Sph/m between
the minima on the Eo(P) curve. 1f it is recognized that
vL is of the same order as h /m A, then this condition
yields the inequality (4).
Thus, when condition (4) is satisfied, the minima on
the F(P) curve take place up to the critical Landau
velocity vL for the quasiparticles. These minima are
also retained when the vortices are taken into account.
The vortices are states with the lowest energy at a given
momentum, if the vortex radius r > A (see the dashed
curve in Fig. 2a). Near quantized values of P, however,
the lowest energy Eo(P) corresponds to quasiparticle excitations. Thus, allowance for the vortices is equivalent
to cutting off the peak obtained on the Eo(P) curve with
allowance for only the quaSiparticle excitations. The
vortex-production process considered in Sec. 3 corresponds to a quantum ';mechanical transition under the
barrier on the Eo(P) curve; this transition is shown by
the arrow in Fig. 2a.
In the absence of minima on the F(P) curve, the
metastable flow states can correspond to minima on the
F(P, v) curves. The lifetime of the flow state is determined in this case by the probability of momentum
transfer from the superfluid component to the normal
component at a constant total momentum, i.e., by the
probability of the transition into a subensemble with a
lower value of v (shown by the arrow in Fig. 2b). For
such transitions there is no need to introduce an interaction of the type (20), which violates the translational
invariance of the system. Therefore the estimates made
in Sec. 3 may turn out to be inapplicable for such a
situation.
The experimental critical velocities greatly exceed
Vo in magnitude, i.e., the long-lived flow states exist
where there are no minima on the F(P) curves. To estimate the critical velocities observed in the experiment,
it is therefore necessary to have a theory that considers
the process of momentum transfer from the superfluid
to the normal component.
Such a theory, in which it is assumed that the activation energy barrier is overcome by thermal fluctuations
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with gradual growth of the vortex ring, was constructed
in [22-26 J • Near the A point, where this barrier becomes
small the theory agrees with experiment. At lower
temp~ratures, however, the times of production of large
vortices as a result of thermal fluctuations become
quite long and cannot explain the experimentall~ observed
low critical velocities. It is possible that the dIscrepancy between theory and experiment at finite temp~ra
tures is caused by failure to take into account the mteraction between the vortices, which is long-range and
can become appreciable even at sufficiently low vortex
concentrations. If this is so, then to understand the
critical velocities it is necessary to construct a theory
of superfluid turbulence, a phenomenological variant of
which was proposed by Vinen [l2J. At very low temperatures, however, when condition (4) is satisfied, neglect
of the interactions between the vortices is not questionable for in this case the momentum that can be carried
by the excitations (including also the vortices) is insufficient to produce even one large vortex.

5. CONCLUSION
The estimates presented in the present paper show
that at T = 0 the rate of vortex formation in a superfluid
liquid remains exceedingly low ail the way up to the
critical Landau velocities v for the quasiparticle spectrum. This does not contradict the experimentally observed rather low critical velocities, since the measurements were performed at temperatures when the aforementioned estimates do not hold and the critical velocities are determined by the interaction between the
normal and superfluid components. For experimental
verification of the theory of critical velocities at absolute zero, it is necessary to perform the measurements
in a region where inequality (4) is satisfied. This inequality is the condition for total vanishing of the normal
component.
Let us see under what conditions the inequality (4)
can be satisfied and sufficiently high critical velOCities,
close to Vv can be obtained. When undamped currents
are investigated in an annular channel of length L
L ~ 1 cm, the inequality (4) is satisfied at Pn / p < 10-7.
The temperature required for this is T < 0.2°K.
Although we have considered mainly a liquid in a
closed channel with periodic boundary conditions, all
the results remain in force in the more general case
when a definite phase difference is maintained at the
ends of the channel, for example, if the channel joins
two large vessels whose phases are specified. This
takes place, for example, when liquid flows through a
small hole in a thin partition. Investigations of such
flows were initiated in connection with the possibility of
observing the Josephson effect for helium. The effective
length of the channel over which the principal change of
phase takes place should be a length on the order of the
hole diameter in this case [27J. It can be chosen low
enough to be able to satisfy inequality (4) at higher temperatures. Thus, for the holes used in the experiments
of Richards and Anderson[28J (diameter 15-20 /J.), and
also of Hulin et al, [29J, the equality p/P n = VA can be
attained at T ~ 0.9 K, whereas the measurements were
performed at T = 1.15 K. The rather large critical
velocities observed in such experiments may possibly be
due to the start of a transition into the region of higher
critical velocities. The theoretical interpretation of
such experiments is, however, much more complicated
than that of experiments in closed annular channels with
0

0
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constant cross section. In particular, the velocity of the
liquid is not constant over the volume and can reach
critical Landau velocities near the sharp edges and
corners on the walls of the channel even at quite low
average velocities.
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