
SOVIET PHYSICS JETP VOLUME 29, NUMBER 6 DECEMBER, 1969 

CALCULATION OF THE PHOTO-IONIZATION CROSS SECTION FOR ARGON 

IN THE HARTREE-FOCK APPROXIMATION 

M. Ya. Amus'ya, N. A. Cherepkov, L. V. Chernysheva, and S. I. Sheftel' 

A. F. Ioffe Physico-technical Institute, U.S.S.R. Academy of Sciences 

Submitted October 26, 1968 

Zh. Eksp. Teor. Fiz. 56, 1897-1903 (June, 1969) 

The cross sections for photo-ionization of the L and M shells of Ar are obtained in the Hartree-Fock 
approximation with three different wave functions of the expelled electron being used: that for the field 
of a neutral atom, for the field of the ion, and for a Herman-Skillman potential. The cross sections 
are determined for photon energies between 15 and 1000 ev. In all three cases the calculated cross 
sections differ from the experimental values. This indicates that multi-electron correlations play an 
important role in the atom. 

}. THE question of the role played by multielectron 
correlations in atoms has been under extensive discus­
sion recently. r1- 61 However, owing to the large compu­
tational difficulties, no clear-cut answer to this ques­
tion has been obtained so far. It is therefore of interest 
to calculate in the single-particle approximation the 
cross sections of the processes in which the expected 
role of multielectron correlations is large, and to ob­
tain information concerning the role of correlations in 
atoms by comparing the experimental and calculated re­
sults.r21 One of the processes to be considered is pho­
toionization. In this paper we calculate the photoioniza­
tion cross sections of the L and M shells of argon in 
the Hartree-Fock approximation. It is assumed here 
that only one electron, the one leaving the atom, takes 
part in the photon-absorption process. When account is 
taken of the multi-electron effects, the mechanism of 
this process is much more complicated. A comparison 
of the results of the calculation with the experimental 
data indicates that they differ noticeably from each 
other near the ionization threshold. 

A study of the photoionization cross section in the 
Hartree-Fock approximation is also of independent in­
terest. Until relatively recently, photoionization cross 
section calculations were available only in the hydrogen­
like approximation, r 71 and the results deviated greatly 
from the experimental data. The first calculation in the 
Hartree-Fock approximation for theM-shell of argon 
was made by Cooper. r 81 The results obtained by him do 
not agree with the results obtained in the present paper. 
This difference is apparently due to the procedure used 
by him to localize the exchange part of the potential. 
Manson and Cooper r 91 repeated the calculations with 
functions in the Herman-Skillman potential. r 101 It will 
be shown below, however, that the results obtained with 
the single-electron Herman-Skillman wave functions 
cannot be used for the study of multielectron correla­
tions. The reason is that the Herman-Skillman poten­
tial is chosen empirically, and the wave functions in 
this potential take into account a certain inaccurately­
determined part of the multi-electron effects. 

2. If the wave function of the atom can be repre­
sented in the form of a determinant made up of single­
particle wave functions, then the photoionization cross 

section of the nl-th subshell is determined by the for­
mular91 

4n2aao2 Nnz(e ~ Enz) 2 z 
11nz(e)= 3 21 +·1 [lRs,z-t+(l + i)Rs,z+t]. (1) 

Here Nnz and Enl are respectively the number of elec­
trons in the subshell and the binding energy of the elec­
tron (in Rydberg units), a = lj137 , a0 is the radius of 
the first Bohr orbit, w = € - Enl is the energy of the in­
cident photon, and R€ l ±1 are dipole matrix elements: 

' 
Rs,z±! = IPnz(r)P,, l±!(r)rdr; 

0 

(2) 

where Pnl and P€[ are the radial parts of the single­
particle wave functions. The wave functions of the con­
tinuous spectrum are normalized to a 15 function of the 
energy and have the following asymptotic form at in­
finity: 

P,1(r) ~ n-'t. e-'1• sin[ y; r- ~ - y;ln 2l'; r -l-/lz(e)); (3) 

llz (€ ) is the phase shift. 
The wave functions of the occupied states Pnl are 

chosen in the Hartree-Fock approximation. The wave 
functions of the outgoing electron PEl can be defined 
here in various ways. Strictly speaking, the set of func­
tions Pnz and PEl should form a complete set of the 
eigenfunctions of one operator. In this case, the func­
tions PEl will correspond to an electron moving in the 
field of a neutral atom. We shall henceforth denote such 
a solution of the Hartree- Fock equation by the symbol 
P~ + 1, since it corresponds to the N + 1-st electron 
(N-number of electrons in the atom). On the other 
hand, in the photoionization process, the number of 
electrons in the system remains equal to N. We can 
therefore seek the functions PEl in the field of a singly­
charged ion. These functions are determined in the fol­
lowing manner: we substitute in the Hartree-Fock equa­
tion for P€l the functions Pnz corresponding to the 
ground state of the atom. The function P €l is sought in 
the field of an atom that lacks one electron, and the 
equation is solved without self consistency. The solu-

tion of this equation will be denoted by P~. The func-
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tions defined in this manner were used by Kelly. [ 51 
3. We sruw show that the use of the functions ~ in 

place of P ~ to determine the photoionization cross 
section is equivalent to inclusion in the self-consistent 
field of a part of the multiparticle correlations which 
are usually taken into account in the random-phase ap­
proximation[ H) (Fig. 1). 

The first diagram in Fig. 1 is the simplest one, cor­
responding to the photoionization process. The solid 
line corresponds here to the propagation of a particle 
or a hole, and the dashed line to the propagation of an 
incident photon; E:j < 0 is the hole energy, E:j + w is 
the energy of the outgoing electron. As is well 
known/ 111 the zeroth-approximation wave functions 
should form a complete orthonormal basis, and there­
fore it is necessary to choose as the wave function of 
the particle the previously defined functions pNl+ 1 

€ • 

The photoionization cross section obtained from formu­
N+ I 

la (1) with the functions P €l corresponds thus to the 
process represented by the first diagram of Fig. 1. 

We now sum an infinite sequence of the diagrams 
shown in Fig. 1, where the wavy line represents the 
Coulomb interaction between the electrons of the atom. 
It is important that the hole j is always the same in all 
the diagrams, and has the same set of quantum num­
bers nlms (s-spin projection). This sequence in the 
atom is the most important one and, as will be shown, 
the summation of diagrams in Fig. 1 is equivalent to a 
redefinition of the potential in which the outgoing parti­
cle moves. 

In order to verify this, let us examine the diagrams 
of Fig. 2a. The first of them is the direct interaction 
between the outgoing particle and one of the background 
particles, and the second belongs to the summed se­
quence. Using the rules for setting up the analytic ex­
pressions corresponding to the diagrams, [ 111 we can 
readily verify that the expressions corresponding to 
these diagrams differ only in sign, and yield 0 when 
summed. The same holds for the diagrams of Fig. 2b. 
It can be verified that the summation of the entire se­
quence leads to compensation of the interaction of the 
knocked-out electron by the background electron in the 
state j. This can be taken into account by a simple re­
definition of the potential in which the outgoing elec­
tron moves: the contribution of the entire sequence of 
diagrams of Fig. 1 is equal to the contribution of only 
the first diagram of Fig. 1, in which the wave function 

N+ I 

of the particle P €l should be replaced by another 
wave function, defined in the field of the atom without 

one electron in the state j, i.e., we must take P~ in 
N+ 1 .. 

place of P E:l • To emphasize the importance of sum-
ming the aforementioned sequence, we note that the 

functions P~ + 1 either have no discrete spectrum, or 
have only one or several levels (they correspond to a 
negative ion), whereas the functions P~ have a dis-

crete spectrum with a condensation point. 
In atomic calculations, frequent use is made of 

single-particle wave functions obtained in the Herman­
Skillman potential. [ 101 This potential coincides at small 
distances from thenucleus with theHartree-Fock-Sla­
ter potential VHFS, and at large distances it equals 

e·•"' ~ -~{::: + ---~ +----~ 
J 

< ---~ ·----~-----<?)_ . 
j ~ 

j 

FIG. I. 
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~ 
a b 

FIG. 2. 

V1 = 1/r. The mixing takes place at the point where 
VHFS = V1. Since this potential decreases at infinity 
like 1/r, the wave function in this potential, pHSl , should 

N e: 
be close to the function Pd. However, whereas the sub-

stitution of the function P~ in place of P~+I in the for­

mula for the photoionization of distinctly defined dia­
grams shown in Fig. 1, the use of the function p~S, 

which is a solution of the Schrodinger equation with a 
certain empirically chosen potential, does not corre­
spond to the summation of any definite diagrams. 

Figure 3 shows all the wave functions of the continu­
ous spectrum, obtained in the present study1' at an en­
ergy € = 0.368 Ry (5 eV) and l = 2. The function pN 
depends on the shell in which the hole is located, aJ9 
therefore the figure shows two functions, one of which 
is determined in the field of an atom without one 2p-

electron (P~>E:d), and the other in the field of an atom 

without one 3p-electron (P~P>E:d)• 
4. The total photoionization cross section of the L 

and M shells of argon for all three cases is shown in 
Figs. 4 and 5. These figures show also the experimen­
tal cross section taken from the papers of Samson[ 121 
and Lukirskii and Zimkina.[l31 The greatest deviation 
from the experiment is observed near the ionization 
thresholds, where multiparticle effects should appear. 

The cross section obtained with the functions P~ be­
yond the ionization threshold of the M shell has€ a 
small but broad maximum, which is more clearly pro­
nounced than on the experimental curve, and which is 
shifted towards higher energies. The character of the 
behavior beyond the ionization threshold of the L shell 
is the same in both cross sections, but the calculated 
curve always lies higher than the experimental one. The 
jump at the ionization threshold of the L shell is larger 
by 1. 7 times than the experimental value, and that at the 
threshold of the L1 subshell is larger than the experi­
mental value by a factor of 2. 

The cross section obtained with the wave functions in 
the Herman-Skillman potential has, for both shells, rel-

1) All the functions used in this paper were calculated with the 
BESM-3 computer. The equations were solved by successive refinements. 
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FIG. 3. Wave functions of continuous spectrum ate= 0.368 Ry and 
l= 2. 
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FIG. 4. Photoionization cross section of M shell of argon: !-experi­
ment [12 ], 2-calculated cross section with functions P~, 3-with func­
tions P~t 1, 4-with functions P~f . 
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FIG. 5. Photoionization cross section of M and L shells of ar~on: 
!-experiment [ 13 ], 2-calculated cross section with functions Pel, 
3-with functions P~/ 1, 4-with functions ~f. 

atively sharp maxima beyond the ionization thresholds. 
It differs greatly from the cross section obtained with 

the functions P~. Thus, the simplifications made in 
the determination of the Herman-Skillman potential 
lead to a very noticeable change of both the wave func­
tions (Fig. 3) and the cross sections obtained in this po­
tential, compared with the corresponding Hartree-Fock 
quantities. The results of the present paper for the M 
shell in the Herman-Skillman potential coincide fully 
with the results obtained earlier by Manson and Coop­
er.r91 To simplify the calculation, the nonlocal ex­
change potential was replaced approximately in r 81 by 
a local potential, and therefore the results obtained 

there differ from the corresponding results obtained in 

the present paper with the functions P~. 
The difference in the behavior of the cross sections 

obtained with different wave functions can be readily un­
derstood by analyzing the behavior of these functions at 
the same energy. Since the main contribution of the 
cross section is made by the transition np - € d, it suf­
fices to consider functions with l = 2. The magnitude of 
the matrix element (2) is determined by the amplitude 
of the wave function P €d at the place where Pnp differs 
from 0, i.e., at distances on the order of a0 from the 
nucleus. The probability that the N + 1-st electron will 
stay inside the neutral atom at low energies is quite 
small, owing to the repulsion of the electron cloud. 

Therefore the first maximum of the function P~+ 1 is 
located at a large distance from the nucleus (Fig. 3). 
On the other hand, if the outgoing electron moves in the 
field of an ion with a positive net charge, the probability 
of its staying inside the atom at the same energy is 
much higher, and the deeper the hole the larger this 
probability. Therefore the first maximum of the func-

tion P~2p> €d is close to the nucleus than that of ~~ €d· 

In the Herman-Skillman potential, the function P ~d does 
not depend on the position of the hole, and as can be 
seen from Fig. 3, its first maximum lies precisely be-

tween the maxima of the functions P~2p>€d and P<~>€d" 
Accordingly, the matrix element (2), meaning also the 
photoionization cross section at the M-shell threshold, 

should be largest for the funciion P~ and smallest for 
N+1 

P €d whereas at the L-shell threshold they should be 

largest for the function 
N+ 1 

N 
P <2p>€d and smallest again for 

p€d 
For certain transitions to discrete excited states, we 

determined the oscillator strengths fnl _ n'l, which 
are defined in the following manner: r 71 

21+ 1± 1 • 
fnl..,.n'l±l = 6 (2l + 1) (en'l±l- Bnl)Rnl..,.n'l±t. (4) 

where .. 
Rnl ... n'l±l = ~ Pnl(r)Pn'l±t(r)rdr. (5) 

N 
The calculation was performed with functions Pn'l" The 
results are as follows: 

Transition:3p-> 4 • 

f: 0,055 

3p-> 3d 
0.027 

3s-+ 4p 

0.00196 

2p-+ 4s 

0.00092 

2p -3d 
0.0358 

The results obtained by Cooperr 81 in a Herman-Skill­
man potential are as follows: 

Transition: 3 p ... 4 s 

f: 0.055 

3p->3d 
0.196 

As is well known, the photoionization cross section 
satisfies the sum rule: [7J 

,_2
1 

2 .b ~ Onl(e)de = N, 
..... aao nl 

(6) 

where N is the number of electrons in the atom. The 
sign of the integral in this formula denotes also summa-
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tion over the discrete spectrum. The sum rule is satis­
fied approximately separately for each shell. In the 
derivation of this formula, we used the well known rela­
tion between the matrix elements of the coordinate and 
momentum operators: 

(7) 

Relation (7) is satisfied only if the potential of the sys­
tem commutes with the operator of the coordinate. In 
the Hartree-Fock equation, the potential contains a non­
local term corresponding to exchange interaction, which 
does not commute with the coordinate operator. In this 
case we obtain in place of (7) the following relation for 
the matrix elements: 

(E,- E,) (ki;iz> =- i(kiplt; 
""\ r-r' (8) + LJ .l'i>/(r')•p,(r'\F~T'Ijli(r)lJl."(r)drdr'. 

' Therefore, the sum rule (6) should not be satisfied in 
the Hartree-Fock approximation. r 14 l Indeed, substitu­
tion of the cross section obtained with the functions 

P~ into formula (6) yields (without a discrete spec­
trum) a value 18.4 in place of 16, and with the func-

N+1 
tions PEl , a value 22. In the Herman-Skillman poten-
tial, the nonlocal exchange term is replaced by a local 
one, and therefore the sum rule should hold for the 

cross section obtained with the wave functions P~r 
The integration of the cross section obtained in this 
paper (without the discrete spectrum) makes a contri­
bution equal to 14.7 to the sum rule. When the discrete 
spectrum is taken into account, a quantity sufficiently 
close to 16 is obtained. 

The foregoing comparison of the theoretical curves 
shows that the photoionization cross section depends 
strongly on the choice of the single-particle wave func­
tions. But for any choice of the single -particle func­
tions, the calculated cross section differs strongly from 
the experimental one in the vicinity of the thresholds. 

This difference can be due only to multielectron corre­
lations. 

The authors are grateful to Professor L. A. Sliv for 
a discussion of the work, to T. M. Zimkina for supply­
ing the experimental data, and for a discussion, and to 
V. F. Brattsev for many valuable hints during the calcu­
lations. 
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