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It is shown that replacement of quantum-mechanical averages by the average values of the corresponding classical quantities over all trajectories with a prescribed energy is not valid in the general case. The dependence of the penetration depth on the field is found without making any assumptions about the weakness of the interaction between the electrons and the field of the impurities; the
case of very dirty films is also considered.

1.

Use of a quasiclassical method[ 1 ' 21 has turned out to
be convenient in a number of problems in the theory of
superconductivity. In this method the calculation of
various characteristics of a superconductor reduces
to the calculation of the average value of a product of
matrix elements of single-particle operators. Usually
the quantum-mechanical averages are replaced by the
average values of the corresponding classical quantities over all classical trajectories of a given energy.
It is shown below that in certain cases such a substitution leads to erroneous results. This is associated
with the fact that the momentum operators of an electron, situated in an impurity field, do not commute at
different moments of time. The problem of the dependence of the penetration depth on the magnetic field and
on the impurity concentration is considered in detail
in the London case. The interaction between electrons
and impurities is not assumed to be weak. And in this
case the dependence of the penetration depth on the
field is determined not only by the cross sections but
by the scattering amplitudes themselves.
The case of very dirty films[ 3 J is also considered,
where the interaction with impurities is not assumed
to be weak or isotropic. The result only depends on
the transport time Ttr· An equation is found for the
critical field associated with an arbitrary concentration of impurities.
2. The current density is expressed in terms of
the Green's function by the formula
i=~TSp~ 6(r-;)pr:,G(;,r),
m
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For a Fourier component Eq. (4) takes the form
Ne 2

(6)

j(g)= --;;-Q(g)A(g).

(1)

Below we confine our attention to consideration of
the limiting London case when the change in the potential A is small over distances of the order of the size
of a pair. In this case it is sufficient to find Q( 0 ) .
Taking formula (5) into account, we obtain
Q(O)= ~- ~
Poz
w

r

J E-2 exp(-2E!t!){p,(O)p,(t))>dt.

(7)
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The average appearing in this expression may be
found with the aid of the kinetic equation and is given
by
((p,(O)p,(t)))

:rspT~(n!6(r-;)p!m)(m!(pA)Inh,Gmr:,Gn,

8n

and (( ... )) denotes the average over all states at the
Fermi surface,

(2)

where H is the Hamiltonian of an electron in the field
of the impurities.
In the approximation linear with respect to the field,
the expression for the current in the representation of
eigenfunctions of the Hamiltonian H takes the form
i(r)=-(

:)'r ~sp
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Changing to a time representation and using the
weak dependence of the diagonal matrix element on
energy near the Fermi surface, we obtain

where the Green's function G( r, r' ) satisfies the
Gor'kov equations which are conveniently written in
matrix form:

~
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Substituting this expression into formula (7), we obtain
the usual expression for Q:[ 4 J
Q(O)= nd2 T ~ [E2(E

+ 1/2-r,r)]-•.

(9)

It is important to note that formula (8) is obtained
with the aid of the kinetic equation for the pair correlation function. The collision term in this equation is
expressed in terms of the scattering cross section and
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in the general case has the same form both in the Born
limit and in the classical limit. Therefore formula (9)
may be obtained both [4 l in the Born approximation with
subsequent replacement of the Born amplitude by the
exact amplitude and in the method of classical trajectories with replacement of the classical cross section
by the exact cross section.
However, in the next approximation cubic in the
field, both of these methods are erroneous in the general case. As shown below the Born approximation
leads to the correct result only in the limit of a small
mean free path, and the method of classical trajectories is not applicable even in this case.
3. One can find the next terms in an expansion of
the current density in powers of the field in analogy to
formulas (4) and (7). In the London limit we obtain

iz=

-2nv(
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FIG. I

function fpp' differs from the exact scattering amplitude only by the factor ( -21T /m ). The scattering amplitude at zero degrees, whose real part gives an unimportant energy shift and whose imaginary part is
expressed in terms of the total cross section a, enters
into formula (14). As a result
1

-=

(16)

nva,

T

The diagrams shown in Fig. 2 arise upon averaging
expression (11) with respect to the positions of the impurities, where each wavy line depicts a scattering
amplitude, each point depicts the impurity concentration n. All solid lines on one side of a square represent either GR or aA. The vertex of a square corresponds to a momentum pz if both lines coming together at this vertex represent GR or aA. However,

=- -

(10)
where

FIG. 2

(p,(O)p,(ft)p,(t,)p,(ta)> =
X exp{- i[w1!1 + w2(t2

-

1
v(Zn)'

if one line is GR and the other aA, then the vertex
corresponds to an expression pz, which satisfies the
equation
00

~j ~ P(w1w2waO)

ft) + m3(t3-

t2 ) ]}dw 1dw 2 dw 3.

Pz =
(12)

The average value of the product of four momenta
at different moments of time is not determined by the
pair correlation function and cannot be found from the
kinetic equation. Therefore, for its evaluation we shall
use a diagram technique. [sJ In this connection the Born
approximation for the scattering of an electron by impurities will not be used.
In formula (11) it is convenient to change to the
momentum representation, having written each li -function in the form of two terms
(Gp~·r = ( - ii +ro + ib)-1•

(18)

+

Each line from the sides of a square may represent
either aR or aA; therefore expression (11) represents
a total of sixteen terms. Three of them are substantially different:
P1 ( W1W2Wsw4) = (2n)' Sp{p, Gw,A p, G,,A p, G,,R p, G,,,R}
mpo5
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mp 05
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(13)
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(17}

_
w,-wt+i/T
Pz = p, wa- Wt
i/trz ·

Expanding Gpp' in powers of the interaction V with
the impurities, averaging with respect to the positions
of the impurities, and neglecting, as is customary,
intersecting diagrams, we obtain the following expression for the averaged Green's function:
where fpp' satisfies the equation which is graphically
depicted in Fig. 1:
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4
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'

(15)
In this equation one can replace the function a: by

r

the function Gp = ( w - ~ + iii 1 since these functions
differ from one another only in a narrow region near
the pole, and the integrals over this region entering
into formula (15) coincide for them. Therefore, the

+ ";." Im ~ ~ ~ fp~p, fp,p,fp,p'
X (cos 9p, cos 9 p,- cos2 9p,) cos 2 9p, dQp, dQp, dQp, }.

(20)
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The remaining nonvanishing terms are expressed
in terms of P1, P2, and P3 with the aid of permutation
of their arguments or complex conjugation. As a result
we obtain:

(21)

Thus, the average value of the product of four momenta is expressed not only in terms of the cross section but also in terms of the amplitude for the scattering of electrons by impurities. This means that the
average under consideration cannot be obtained with
the aid of a classical distribution function. In the Born
approximation the terms containing the scattering
amplitudes vanish. It is of more interest that they also
vanish in the limit of large impurity concentrations
when w T « 1. In this limit

+ ll (<•>z- W4)]

(22)

and the average value of a product of four momenta
decomposes into a product of pair averages:
<(p,(t 1 )p,(t 2 ) p,(t 3 ) p,(t 4 )} = <(p,(t 1 ) p,(tz)'>{p,(t,)p,(t,f>

+ <(p,(tt)p,(t

4

(23)

))<p,(t,)p,(ta)'>.

In this case the result is expressed in terms of a

transport cross section which, however, is not the
classical result since it significantly depends on the
order in which the momentum operators appear inside
the averaging sign. This follows from the fact that the
third possible product of pair averages is absent from
the right-hand side of formula (23). Apparently in the
limit of a large impurity concentration the product of
an arbitrary number of momentum operators decomposes into a product of pair averages such that one can
connect them by nonintersecting lines.
4. In order to clarify the dependence of the average
on the order of the operators it is convenient to consider the special case of pairwise coincident times.
From formulas (12), (19), and (20) it follows that
(p,Z(O)p,2 (t)) =
(p,(O)p,(t)p,(O)p,(t))

=

p~ [ 1 +~ exp{- JtJ ( ~-~)} J,
Po'exp{- ~1.1}
"ttr

[~+ it!
5

.

(25)
Expression (24) agrees with the result which is obtained from the kinetic equation or by averaging over
the classical trajectories. It is impossible to obtain
expression (25) by such methods. This is associated
with the fact that in formula (25) the momentum operators at different moments of time are arranged in an
order which does not correspond to a classical trajectory. The commutator between momentum operators
at different moments of time is not small even though
the electrons move like free particles almost all the
time.
Let us consider how this commutator changes in the
quasiclassical limit
([p,(t)p,(O)F> = h'

<(~'~t!_)'),
az(O)
~

iip;(t) )')

'

ar;(O)

(26)

where one can calculate the average in the right-hand
side of formula (26) with respect to the classical trajectories. For the calculation we introduce the more

Y·'
'

'

=

( (

iir;(t'!_)')

ar;(O)

'

Z·'= <ap;(t) ar,~).

(27)

ar; (0) ar; (0)

For small times t the quantity

xf is proportional

to the number of collisions and is determined by the
change of the scattering angle associated with a change
of the impact parameter. Averaging with respect to
the positions of the impurities, we obtain
X;' = tA;',

a=_!__
15

r[(
0

A;' = po2nv (a+ bll;;);

J

ax) 2 (cos 2 x + 2 sin'x) +sin' X pdp,
i)p
p2

roo a

b = 2a--)
3 0

(_!:) psin r.dp,
2

(28)

2

i)p

where x is the scattering angle as a function of the
impact parameter p. For a potential energy not small
in comparison with the kinetic energy, the quantities a
and b are of order unity.
At an arbitrary moment of time the quantities X, Y,
and Z are connected by differential relationships
which, for isotropic scattering, have the following
form:
2
Y/=~Zji,
m

.
1
Z;'=-X;'
m

(29)

with initial conditions
X;'(O)

=

0,

Y;'(O)

=

ll;;,

Z;'(O)

=

0.

Solving this system we obtain

where

(24)

(s- -2-),j .
5ttr

X·'=< (

)

P(w,, wz, w3, w,) = 2Re {Pt(w 1 w2 waw 4 ) +P 1 (w 4 w1 w2 w3 )
-P,( WtWzWaW4) - P,(w,w 1wzwa) - P,( w,w,w 1 w 2 )
-P,(wzwaw,w 1 ) +Pa(w,w,w 3 w.)}.

P = B(.mpo 5<tl[ll(w,- wa)

general quantities

t 0- 1 = u (2bn) 'h, t,- 1

=

u[n(6a

+ 2b) ]'h.

An estimate of the validity of the resulting formulas
may be obtained from the condition that an initial displacement of a particle of the order of its wavelength
hp 01 must lead at a moment of time t to a displacement which is smaller than the interaction radius
~al/2:

(31)

At large times the wave packet is completely washed
out. In order to evaluate the average of the square of
the commutator in this region, it is necessary to use
not the quasiclassical formulas (26) and (30) but the
difference between expressions (25) and (24).
Thus, even for quasiclassical scattering of partiCles
by impurities, the commutator of momentum operators
at different moments of time increases exponentially
with the time. For electrons in a metal, we apply the
method of quasiclassical trajectories only in the pure
case.
The problem considered above concerning the
classical and quantum motion of an electron in a field
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of impurities is a one-particle problem and does not
have any direct connection to superconductivity. However, it should be kept in mind that in a theory of the
normal state the momentum operators must follow in
the order of increasing time. One can replace the average of such a product by an average over classical
trajectories. A quantum phenomenon exists in superconductors: An electron, being created of a pair in the
Bose- condensate, may change into a hole, which can
be regarded as an electron moving backwards in time.
Therefore, just as in the example considered above,
averages of products of operators which are not ordered in time arise in the problems of superconductivity
theory. The quasiclassical approximation is not applicable for the calculation of such averages.
5. In order to determine the corrections to the
penetration depth, let us find the dependence of the
current density on the field. To third order in the
field, we can obtain one of the terms in the current
density by substituting expression (21) into formula
(10):
Ne 2

2e ( eA

it = ---~A'= m

X
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wz
5(E + 1/2t} +
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11.2

-- Po' T ~ -=-=--,----:-·
m
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2w 2
9E + 18E't + 45;-c(-::oE:-c+:-:-1/;;:2t-:)~[E;;-+-~·-;-1/.,-z(-:-,;,--c/:-'t----c1::-c)]:n
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( B
E)}
- -(-ccE-+-1/-,-2t1,) 2 16 + 20 .

(32)

field should be taken into account in the first-order
expression (6). In order to take this dependence into
account, in the equation for t:..

!A.! T

""
~
LJsP
21 ('tx+i'ty)G(r,r),

.,

From here it follows that in the London case the
field dependence of the penetration depth is determined
by the expression
(38)
Thus, the dependence of the penetration depth on the
magnetic field in superconducting alloys is expressed
not only in terms of a cross section but also in terms
of a scattering amplitude. In the most interesting case
of a large impurity concentration, when the mean free
path is small in comparison with the dimensions of a
pair, it is only necessary to keep the first term in
formula (38); here the result agrees with that obtained
by Melik-Barkhudarov[ 6 J in the Born approximation.
6. In the general case it is convenient to carry out
averaging of the Green's functions with respect to the
positions of the impurities without isolating the average
value of a product of matrix elements.
Let us expand the solution of the Gor'kov equations[ 4 J
in powers of the interaction V( r ) with impurities and
average each term of this expansion. For a fixed difference of coordinates, the dependence of the Green's
function for a pure metal in a magnetic field on the
total coordinate is much weaker than the dependence
on the coordinates of the interaction potential. Changing from the difference of coordinates to a momentum
representation, we obtain
•e
~
JGp(r)= 1,
[ - 6 - -mir'\ para)
- +iw,;,+-(pA),;,+Ll.-n~pp(r)
m.

In addition, the dependence of t:.. on the magnetic

Ll.'(r)=

(33)

we expand the Green's function G to second order in
the field. Changing, just as aboveJ.. to a representation
of eigenfunctions of the operator H, we obtain

(39)

In all terms except the first one can regard the mo-

menta p as lying on the Fermi surface. The matrix :E
is represented by the diagrams shown in Fig. 1, in
which smooth lines correspond to the function Gp(r ).
Summing the diagrams, we obtain
2:pP'=

·G(-t1 ),;,G(t,-t,),;,G(tz)dt,dtz }.

{34)

Substituting here expression (8) for the average of a
product of momenta and expression {5) for the Green's
function G( t), we obtain the correction of second
order in the field to the absolute value of t:..:
11.2 =

- ( 6Ll.0 ~ E- 3

r(-;

X~ E'(E + \/2'ttr)-,(E::,

poA

y

+ Zw'- Ll.' ).

1-0 ~ Vpp,Gp,(r)~p,p•(I)dpt.
Vpw+-(2n)"

APP' =

v pp' + - (1n2) " :lcv pp,
0

1
- cp,

Ne 2

m

where

(36)

+ ~~

Xp,p' dp,.

(41)

This function differs from the scattering amplitude (15)
by the fact that the integral is to be understood in the
sense of a principal value. The spherical harmonic
functions x are equal to the tangents of the scattering
phase shifts. The amplitude (15) is related to the function x by the relationship

( 35 )

Taking this correction into account in expression (6)
for the current to first order in the field and the thirdorder correction (32), we obtain

(40)

In this equation it is convenient to distinguish regions
far away from the Fermi surface. For this purpose we
consider a function x satisfying the equation

mpo

l'r=-.
2n2

"'

j=--Q(O)A(1-aA 2 ),
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(42)

The integral in this equation is taken over the angles
of the vector p1, whose magnitude is equal to the momentum po at the Fermi surface. Similarly Eq. (40)
takes the form
(43)

aQ)

Ll.z
1
a= ( ~--IQ(O)
A 2 aLl.
'

(37)

and the quantities Q( 0), {3, and t:..2 are determined by
formulas (9), (32), and (35).

where
Gp(r)=_!_
:rr

For large values of

~

~

Gp(r)d£.

it is necessary to understand

(44)
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the integral (44) in the sense of a principal value, and
also (}_p(r) only depends on the angles of the vector p,
which 1s situated on the Fermi surface.
The expression for ~ (formula (43)), and also all
physical quantities, for example, the current density,
only contain Gp(r ). In order to find the equation for
this quantity, we write Eq. (39) in the form
[- ( v

:J+ (.; Jcp(rr')

=

2pv~(p,r- r'),

(45)

where
i 1
[
Cp(rr')=- J Gp(r)exp
n

r:; =

Gp(r)= Gp(rr),

-is (p, rpv- r') Jd(;,

w-r,- ie(vA)-r,- ;,i + in~pp(r).

(46)

One can show that it is also possible to write Eq. (45)
in the form
( v_!!_ )Gp(rr')
fir'.

+ Gp(rr');(r') =

(47)

2pvll(p, r - r').

Subtracting Eq. (47) from Eq. (45) and setting r
we obtain

= r',
(48)

In the region where the field is equal to zero or 1::.

= 0,

it follows from Eq. (39) that Tr Up( r ) = 0, and from
Eq. (47) it is seen that Tr Gp(r) does not depend on r.
Therefore it is equal to zero everywhere, and one can
write the Green's function Gp( r) in the form Gp( r)
= (a · T). Similarly one can convince oneself that
a2

=

(49)

1.

The system of equations (43), (48), and (49) determines
the Green's function Tip( r) in an arbitrary magnetic
field. In the Born approximation these equations were
obtained in another way by Ellenberger _l7l
In the presence of a magnetic field, Gp( r) depends
on the angles of the vector p; therefore the system of
Eqs. (43), (48), and (49) may be solved only in limiting
cases. As mentioned above, certain results may depend
not only on the cross sections but also on the scattering
amplitudes.
7. In the most interesting cases of the critical field,
weak field, or large concentration of impurities, the
physical results can be expressed in terms of a cross
section. In all of these cases, in the zero-order approximation Gp( r ) does not depend on the angles of
the vector p, and therefore from Eq. (43) with (42)
taken into account we obtain
~o

= Re fpp'

+ iGo Im fPP'·

~pp(r)=

-

iv

2

1

-(1)

J CJpp,Gp, (r)d!Jp,.

where
Kp(r)= 1/4Sp(-ry- il:x)G~> (r).

For a thin superconducting film whose thickness is
large in comparison with the mean free path but small
in comparison with the dimensions of a pair, the system
of equations (43), (48), and (49) may be solved for an
arbitrary magnetic field. We seek the zero-order approximation to the Green's function in the form
Go

=

cos 'qrty

+ sin qtt,.

(53)

In the zero-order approximation with respect to the

mean free path, the angle cp is arbitrary and is determined from the condition that the average value of the
correction to it is equal to zero. This correction shows
up in the solution of Eq. (48) to second-order in the
field and to first-order in w and 1::.. From the condition that (}< 2 > ~ G 0 , we discover an equation for cp:
(54)

Equations (52) and (54) agree in appearance with the
equations obtained previouslyr3 ' 7 ' 8 J in the Born approximation.
8. Thus, one can assert that the majority of results
in the theory of super conducting alloys, obtained in the
Born approximation, remain valid even for a strong
interaction between electrons and impurity atoms. Only
in certain cases terms appear which are not present in
the Born approximation and which depend not only on
the cross section for the scattering of electrons by
impurity atoms, but also depend on the explicit form
of the amplitude.
Application of the method of classical trajectories
to the theory of superconducting alloys is apparently
limited to the case of weak fields. In order to calculate the dependence of the penetration depth on the field,
the quantum character of the scattering of electrons by
impurities turns out to be very important. Usually the
method of classical trajectories has been applied in
order to describe the diffuse reflection of electrons
from a boundary, which is assumed to be classical. It
is possible that in this case the quantum effects are
less important.
The authors thank L. P. Gor'kov and G. M. Eliashberg for helpful discussions.

(50)

The first-order correction TI1 anticommutes with "Go,
which follows from Eq. (49), and therefore from Eq.
(43) we obtain the first-order correction to ~:
l1l

(52)

(51)

Substituting (51) into Eq. (48), we obtain formula (9) in
the case of a weak field in the London limit.
In order to determine the critical field, we expand
Eq. (48) to first order in 1::.. As a result we obtain the
following system of equations:

1

P. G. de Gennes and M. Tinkham, Physics 1, 107

(1964).
2 E. A. Shapoval, Zh. Eksp. Teor. Fiz. 47,1007
(1964); 49, 930 (1965) [Sov. Phys.-JETP 20, 675 (1965);
22, 647 (1966)].
3 K. Maki, Progr. Theoret. Phys. (Kyoto) 29, 333
(1963); 31, 731 (1964).
4 A. A. Abrikosov, L. P. Gor'kov, and I. E. Dzyaloshinski1, Metody kvantovor teorii polya v statistichesskol fizike (Methods of Quantum Field Theory in

QUASICLASSICAL METHOD IN THE THEORY OF SUPERCONDUCTIVITY
Statistical Physics, Prentice-Hall, Inc., 1963), Chapter
7, Fizmatgiz, 1962.
5 A. A. Abrikosov and L. P. Gor'kov, Zh. Eksp.
Teor. Fiz. 35, 1558 (1958); 36, 319 (1959) [Sov. Phys.JETP 8, 1090 (1959); 9, 220 (1959)].
6 T. K. Melik-Barkhudarov, Zh. Eksp. Teor. Fiz. 47,
311 (1964) [Sov. Phys.-JETP 20, 208 (1965)].

1205

G. Ellenberger, 1968 preprint.
A. I. Larkin, Zh. Eksp. Teor. Fiz. 48, 232 (1965)
[Sov. Phys.-JETP 21, 153 (1965)].
7

8

Translated by H. H. Nickle
254

