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We consider the problem of turbulent heating of a plasma by quasi-periodic mhd waves of finite amplitude. It is shown that oscillations in the frequency region wHi « w « wHe are excited in the plasma
as a result of the current instability. The excitation threshold with respect to the current velocity lies
lower than the average-thermal velocity of the ions in the case of hot ions Ti
Te. The interaction of
the ions with the oscillations is analyzed on the basis of the equations for a weakly-turbulent plasma.
The ions are scattered by the oscillations quasi-elastically. An equation is derived for the rate of their
heating. The anomalous damping of mhd waves, observed in a number of experiments, is discussed.
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IN experiments on plasma heating by mhd waves[

1' 2 l
(magnetohydrodynamic waves), a strong heating of ions
was observed and could not be attributed to dissipation
in pair collisions. Thus, in experiments on plasma heatin!~ by a direct magnetosonic wave the proton temperature was Ti = 100 eV, and the electron temperature was
Te :S 10 eV. Kovan and SpektorPl indicate a high absorption rate of the energy of the magnetosonic wave.
The damping decrement o was of the order of
2 )< 10 7 sec- 1 • The magnetosonic resonance is realized
at a frequency f = 2 x 10 7 sec- 1 in a plasma with density
n ·~ 10 13 cm-3 • The constant magnetic H0 in the amplitude
of the alternating field of the wave H~ were respectively
2 >< 10 3 and 60 Oe.
In the present paper we consider the question of current instability in the case when Ti >> T e' we derive a
quasi-linear equation for the law governing the ion heating, and we consider the mechanism of the damping of
the mhd wave. On the basis of nonlinear estimates, we
establish the limiting temperatures of the electrons and
the damping decrement. The experiment ofPl is discussed in the conclusion.
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Pa =naTa-partial pressures, a= e, i; k 1 , kz-projections of the wave vector on the directions perpendicular
and parallel to the magnetic field respectively; fo- ion
distribution function.
Assuming that the imaginary part of the frequency,
y = Im "'', is much smaller than Jw - k · u I, and expanding
in the dispersion equation (2) in terms of the small
quantity y I jw - k · u I, we obtain two relations, the first
for the spectrum of the unstable oscillations and the
second for the increment:
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A hydromagnet:ic wave produces in a plasma a current given by the relation
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1. CURRENT INSTABILITY OF AN INHOMOGENEOUS
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where u is the current velocity of the electrons. In accordance with [3' 41 , we consider electrostatic oscillations (E = -\1 cp) in the frequency range

YJ=-~,

We assume here that the hydromagnetic wave is excited
in the plasma column whose density n and temperature
T are radially inhomogeneous, and the electron temperature Te is such that the effective frequency of the
Coulomb collisions ZJe i is sufficiently large and must be
taken into account. In 'the case when Ti » T e' we obtain
the following dispersion equation:
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ln the derivation of (3a) and (3b) it was assumed that the
electrons and the ions have Maxwellian velocity distributions, and that H~ < 41Tnmc 2 •
We note that in the absence of current (u = 0), the
oscillations in question with w >> wHi and Ti » T e have
already been analyzed by Mikha'ilovskit[ 51 , and the
instability of the inhomogeneous plasma with current
in the case T i >> T e were investigated in papers by the
author[ 31 and by Sizonenko and Stepanov[ 4 J. The influence of collisions on the instability of a current flowing
across a magnetic field was investigated by Suzuki [61 •
We confine ourselves below to two limiting cases,
depending on the parameter
k: (
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TURBULENT HEATING OF IONS BY MAGNETOHYDRODYNAMIC WAVES
In the first case, when kz » k(m/M) 112 KPHi> the frequency w and the increment y of the unstable oscillations
are determined by the expressions:
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We note that in £?J the ion heating was explained by considering oscillations with precisely the same values of
w and y, but with lie i 0. The condition for the instability of such oscillations is
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The second term in the right side describes Cerenkov
damping of the oscillations on electrons, and the first
damping in Coulomb collisions.
In the case when the plasma is highly non-isothermal,
Ti » Te, and the Coulomb collisions are sufficiently
rare, lie i « kz(Ti/m) 112 , a low threshold for the buildup of the' oscillations is possible when k · u < 0 and
ku ( m ,.,
k,<--,-M).
VTi

If the electrons are sufficiently cold, then the damping of the oscillations will be determined primarily by
the Coulomb collisions. This assumption is valid when
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Let us consider the second limiting case
k,«!'. k(m I M)'''"KPHi·

The frequency w and the increment y for such kz are
respectively
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We have left out here a term describing the Cerenkov
damping of the oscillations by the electrons, which is
always small when Ti
Te and

»
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In this case the oscillations are unstable when

(14)
Let us explain the physical meaning of the foregoing inequality. Its right side contains a term causing the
damping of the oscillations as a result of the Coulomb
collisions. The left side contains terms responsible for
the buildup of the oscillations. The first term results
from the current motion of the electrons in the hydromagnetic wave, and the second from the Larmor current
which exists in a spatially-inhomogeneous plasma. It is
seen from (14) that the Larmor drift always leads to
instability if VTi "' 0. For purely transverse propagation kz 0, we can neglect the damping of the oscillations in (14). From the applicability condition, formula
(13) for y > WHi reduces to the inequality
(u
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which is obtained when k · u = -ku, and k ~ 1/Pe· It is
seen from this inequality that even in the absence of current motion of the electrons (u 0) the instability of the
oscillations in question remains in force if the inhomogeneity of the plasma is such that
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Here the maximization is with respect to k ~ 1/pe, and
we,i = (wHewHi) 112 • (If Te ~ 1-2 eV and Ho ~ 2 x 103 Oe,
then lle,i ~ 108 sec-\ we,i ~ 5 x 108 sec-\ and ufu.in
~ 0.5 VTi·)
The limitation on the threshold value of the current
velocity follows also from another condition. In the
derivation of the dispersion equation (2) it was assumed
that the ions are not magnetized in the oscillations. To
this end, it is not sufficient to stipulate w » wHi· A
criterion for this is one of the following inequalities:
either y > WHi• or kzvTi > WHi· This means that the
cyclotron resonances should be smeared out.
The maximum value Ymax is reached in (5) when
for
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In conclusion it should be noted that at temperatures

T i ~ T e the Cerenkov damping of the oscillations on the
electrons may exceed the damping resulting from the
Coulomb collisions. This case was investigated for a
homogeneous plasma in£ 3 J, where it was shown that the
threshold value of the current velocity is
(1-2) ((Te + Ti)/M) 112 • The maximum increment of the
unstable oscillations is of the order of the hybrid fre1/2
quency y ~ ( WHeWHi ) •
2. LAW GOVERNING ION HEATING
The entire subsequent analysis will be presented with
a plasma column of cylindrical geometry as an example.
Under these conditions the direct magnetosonic wave
will have radial and azimuthal electric-field components
Er and Eq:>, the electron current flows azimuthally, and
the magnetic field of the wave H~ is directed along the
constant magnetic field Ho (the z axis).
We shall consider the ion heating on the basis of the
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equations for a weakly turbulent plasma
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account the scattering of the particles in the magneticfield direction. The rate of change of the longitudinal
component of the energy of the resonant ions turns out
to be smaller by a factor (kz/k) 2k 2 v 2 /w 2 ~ m/M than the
rate of change of the transverse energy component. For
this reason, in particular, we have chosen the cylindrical coordinate system. Equation (18) has in the cylindrical system the form
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In writing out (21), we have left out terms that take into

Here N(t, k, r)-spectral density of the oscillations
(number of waves in the k, r space), normalized as follows:
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'Pk-amplitude of the Fourier component of the potential
disturbance.
Equation (17) describes the change of the ion distribution function as a result of induced Cerenkov emission
(absorption) of oscillations, whose frequency w and increment y are determined by expressions (4), (5), (12),
and (13). Equation (18) describes the noise buildup process. In this equation, we have left out terms of higher
order in the nonlinearity, which take into account particle-oscillation and wave~wave scattering. The nonlinearities will be taken into consideration later.
The oscillations with frequency w and wave vector k
are excited by resonant ions, the velocity of which is
determined by the phase relation w = k · v. In the language of quasi-particles, in each act of Cerenkov emission (absorption) of oscillations, the changes of the
momentum and energy of the resonant ion are respectively equal to M~v = nk and M~v · v = n (k · v) = nw.
We shall consider below a particular case, but one of
physical interest, when the phase velocity of the oscillations is much smaller than the velocity of the resonant
particles w/k « v. In this case the relative change of
the ion momentum exceeds by kv/w times the relative
change of its energy. This means that the ions will be
scattered by the oscillations quasi-elastically (accurate
to a small quantity w/kv). In other words, with the same
accuracy, the resonant ions can interact only with those
oseillations, whose wave vectors lie in the plane perpendicular to the velocity vector v. This is seen also
from the form of the 6 (k · v) function.
This important circumstance greatly facilitates the
investigation of Eq. (17). We rewrite it in a cylindrical
coordinate system in velocity space (v 1' cp, Vz) and
wave-vector space (k1 , cp', kz)· The angle cp_' is reckont~d from the direction of the current velocity:
cp' = (ku). We obtain:
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Here Ye(N)-damping decrement of the oscillations on
electrons, taking into account both the linear Cerenkov
damping and the nonlinear effects.
The first term in the right side of (21) is the principal one. It describes the elastic scattering of particles
over the angles and exceeds by a factor (kv/w) 2 the term
with the coefficient Dvv' which describes the inelastic
scattering.
We note that the frequency of elastic scattering of
ions by oscillations, vcpcp_ ~ vJ: 3 Dcpcp_ depends_ on th~ velocity like v~ 3 , i.e., just as in Coulomb scattermg of wns
(protons) by heavy impurity ions. However, generally
speaking llcpcp has a complicated angular dependence. In
our problem the frequency llcpcp of ion s~att~ring by. o_scillations, greatly exceeds the average wn-wn colllswn
frequency.
We shall assume that ion heating occurs within a
time much longer than the period of their cyclotron
revolution. Then Eq. (21) can be solved by successive
approximations in terms of the small parameters
-
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In the zeroth approximation, the distribution function
fo(v) does not depend on the angle cp. The first correction, which is connected with the Larmor drift and with
the collisions, is
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The integration constant C(v) must be set equal to zero,
on the basis of the fact that the particle flux due to the
deviation of the distribution function from symmetrical
be equal to zero, i.e.,
2ft

~ dq.Jf, (v J., (j.l) = 0.
0

The second correction, as can be readily established,
equals
sin <Jl of 1
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We have left out here other inessential terms, which
drop out from the final results during the subsequent
averaging. Substituting f1 and f2 in (21) and (22), and
averaging over the angle cp in (21), we get
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The effective collision frequencies llcpcp and llvv are determined here by the expressions
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Equation (24) describes the heating and diffusion of the
plasma across the magnetic field. It was assumed in its
derivation that the radial diffusion in the plasma column
is the main form of ion energy loss. Equating the heating rate to the diffusion rate, we obtain an important
estimate for the limiting ion temperatures:
(27)
or
where r 0 - radius of the plasma column. The obtained
estimate does not depend on the noise density, and it
contains parameters that can be readily controlled in
experiments.
If we neglect spatial diffusion in (24), then we obtain
the heating equation in the form

momentum balance and the energy balance for the
plasma plus wave system. From the energy balance it
follows, in particular, that the thermal energy in the
plasma can increase only as a result of a loss in the
wave energy. In order for the wave energy to be maintained at a definite level, it is necessary to perform
work on the waves. We shall show that this work is performed by the electric field of the hydromagnetic wave,
and that such work is performed on the waves only during the process of their radiation (absorption).
To this end, in order to clarify the picture of the
phenomenon, we use for the description of the plasma
the equations of two-fluid hydrodynamics, in which we
average over the scales of the time 7
1/w and length
l » vTe/wHe· The balance of the forces acting on the
ions and the electrons, with account of the cylindrical
symmetry, takes the form

»

dvri
Mn -dt = enEr,
dvcp;
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0= -enE,.-

0 = -enEcp

It admits of a simple self-similar solution

where A is a numerical coefficient. With the aid of this
solution we can qualitatively trace the time evolution of
the ion distribution function. It is seen from it, in particular, that in the course of time the ion distribution
function will vary in velocity space in such a manner,
that the distribution function becomes denser, in the
region of velocities lower than the mean-thermal ion
velocity, and in the region of larger velocities it drops
off sharply, so that in the course of time the distribution
function will acquire the form of a step.
3. MECHANISM OF ABSORPTION OF mhd- WAVE
ENERGY. ELECTRON HEATING
As was established above, the heating of the ions is
described fully by Eq. (24). The rate of heating is determined by the effective frequency of the inelastic scattering of the ions llvv• and the velocity of spatial diffusion is determined by the elastic-scattering frequency
llcpcp· Taking the corresponding moments of the distribution function in the heating equation, we obtain the
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Here Vri> Vcpi> Vre• and Vcpe are the amplitude values of
the electron and ion velocity components in the magnetosonic wave. The radial fieldEr due to charge separation in the wave causes the electrons to drift in the
azimuthal direction with a velocity v cpe = cEr/H, which
we called the current velocity. The quantities (Fi) and
(Fe> are the effective forces of "friction" of the ions
and electrons against the oscillations. Thus (Fi) denotes physically the summary effect of a large number
of acts of exchange of momentum between the resonant
ions and the oscillations, and is obtained as a result of
averaging the expression
(F;)

fo = const·exp {-(Av5 / t)},
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Similarly, we determine (Fe) as a result of averaging
of the expression- (ene~E~). However, in the derivation of (Fe) we cannot confine ourselves only to allowance for the linear absorption of the oscillations by the
resonant electrons. As will be shown below, the nonlinear effects of absorption of oscillations by the electrons become much more important, when the amplitude
of the noise is sufficiently large. In the noise saturation
regime (Nk 0), the linear increment y i + y e of the
buildup of the oscillations by the ions and electrons becomes comparable with the nonlinear decrement Ye(E)
of oscillation damping by the electrons. Therefore the
friction force (Fe> is best introduced phenomenologically:

=

(F,) = -2 ~ y,(N)kN, dk.

It is easy to verify that (Fe) = -(Fi). It is clear that
the effective friction force (Fe) can arise in the case
when 'Yi + 'Ye i" 0.
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When the amplitude value of the current velocity
cEr/H rises to a value exceeding the threshold value u*,
electrostatic oscillations begin to be excited. As a result of interaction with the oscillations, a friction force
(Fe) is produced, causing radial drift of the electrons.
In the magnetosonic wave, the ions are not magnetized
and their drift current can be neglected. The radial
drift current of the electrons equals
6ir = -en6uer =

;

~ kj_ye(N)N, dk.

(30)

The heating of the electrons will be the result of nonlinear processes. To estimate this heating it is necessary to know the rate of heating of the ions nTi. It obviously equals the work of the resonant ions in the field
of the excited oscillations. We have
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with the aid of (36) and (37) we get

J

The work performed by the current 1ih in the radial
electric fieldEr of the hydromagnetic wave, is obviously
H

(31)

.

This work is always positive 6 W > 0, i.e., the mhd wave
giyes up energy. On the other hand, if Yi + Ye
0, then
6 W 0. There is no adiabatic work on the oscillations
under conditions when Nk = 0.
In the foregoing analysis, it was tacitly assumed
throughout that in a quasi-stationary magnetosonic
wave, the amplitude of which is maintained by the work
of an external circuit, a quasi-stationary noise level is
established. This statement must be justified.
Indeed, two physically different possibilities arise in
the solution of the equation (18) for the noise spectrum.
Either the noise growth rate is small, so that no limitation of the amplitude growth is produced by the nonlinear effect during a half-cycle of the current oscillation 1T /n (n = 21Tf), or else the rate of noise increase is
large and saturation sets in within a time T which is
much shorter than the half-cycle JT/n of the current oscillations. Let us derive the condition under which the
second assumption is valid. From (18) we obtain the
following estimate:
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where Wo is the initial level of the fluctuations, and
wk,max is the maximum energy density of the noise.
In accordance with formula (10) for Ymax(t), we obtain for the quasi-periodic process u(t) = Uo sin nt
(ku) 0
y~ kuo 2 • ,
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Averaging in (32) Yimax over the half-cycle 1r/n, we get
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Substituting (34) in the estimate (32), we obtain the following criterion:
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When this criterion is satisfied, the noise has time to
reach saturation at the instants of time when the current
velocity is greatly in excess of the threshold value u*.
This criterion establishes also a certain threshold value
of the current velocity u*, in addition to (9) and (11).
The energy given up by the hydromagnetic wave to the
plasma per unit time will go in the quasi-stationary
mode to increase the density of the thermal energy of the
electrons and the ions. The energy balance is given by
(36)

(37)

\ y,kuNkdk

It still does not follow from the obtained estimate that
the electrons are heated, but if they are heated, then the
estimate (38) makes it possible to estimate roughly the
rate of their heating. It can be said that the rate of electron heating, at least, is not much larger than the rate
of ion heating. However, this is already sufficient toestablish the limiting temperature of the electrons under
the conditions of the experiments of[ll. We shall assume
that the main source of losses for the electrons is cooling by the "cold" end surfaces of the system as a result
of the thermal conductivity along the magnetic field.
The temperature can be estimated on the basis of the
following equation:

l

.
.
o (
nTe Te oTe
nTe~nT;+.Dz 3-n-t-1 oz'

(39)

which includes heating of the electrons as a result of
nonlinear processes, the order of magnitude of which is
nTi (it will be established below that nTi <we inmu 2 /2).
~
'
Here, Te = ve-1 i = 3.5 x 10 4 Te3/2/nsec. In the
case
of low
electron temperatures Te ~ (1-2) eV we have ve i
~ we,i· Comparing the heating and cooling rates in (39),
we obtain a simple estimate for the limiting temperature of the electrons
(40)
where L is the characteristic longitudinal dimension
(L ~ 1/kz). Substituting in (40) the numerical values
L ~ 50 em and u ~ 10 7 em/sec fromPl, we get
Te-;;; 3 eV.
4. CONCLUSION
As shown above, a hydrodynamic wave gives up energy to the plasma, and its quasi-stationary level is
maintained by the generator. By wave damping it is
natural to mean the reciprocal of the time over which
the wave energy H:_/81T is completely absorbed by the
plasma. The Q-factor connected with this damping is
defined as n/26. To determine these quantities it is
necessary to know the energy density of the oscillations
at any instant of time. To this end, strictly speaking, it
is necessary to solve Eq. (22) for the spectral density
Nk(t). The noise amplitude is limited by nonlinear
effects, a fact accounted for in this equation by introduction of the nonlinear decrement y e(N). We note also
one important feature of the oscillations considered
here. If we use the real part Re E in (2) and calculate
with the aid of (20) the energy of the oscillations, then
it turns out that the unstable waves in this case will be
those with negative energy wk = Nkwk < 0.

TURBULENT HEATING OF IONS BY MAGNETOHYDRODYNAMIC WAVES
The nonlinearities connected with the ion oscillations
cannot lead to limitation of the amplitude. To the contrary, when account is taken of the nonlinear interaction, the noise amplitude can only increase. Therefore
the main nonlinearities that lead to limitation of the
amplitude must be sought in the allowance for the electron oscillations.
The noise energy density w can be roughly estimated
as follows. It is obvious that the amplitude of the electron velocity oscillations v cannot exceed the phase
velocity of the unstable oscillations w /k R: u. The energy
density of the oscillatory motion of the electrons
nm~_/2 can be assumed to be the limiting energy density of the oscillations. If we substitute this estimate
in (37), we obtain the following expression for the ion
heating rate:
(41)
It is now easy to determine the damping 6 and the factor Q. They are equal to
(42)
For a direct magnetosonic wave we obtain with the aid
of (1) the current velocity
Q

H~

WHi

l'4nnM

U=·--=·

we use the numerical values given at the beginning of
the article, and also the formulas (27) and (40) for the
limiting temperatures Ti and Te, and (43) for the Q and
the damping. Such a comparison of the present theory
with experiment is performed in detail in[ 71 • We therefore only summarize here the already performed comparison. As a result we get that for protons Ti
-:=; 200 eV, for the electrons Te- 3 eV, so that the condition Ti
T e is certainly satisfied; u/vTi - PH/(ro/2) - 1/3, 6 - 2 x 10 7 sec-\ and Q = 3.5.
In conclusion, I take this opportunity to express deep
gratitude to L. I. Rudakov, under whose direction the
present work was performed.

»

1 1. A. Kovan and A.M. Spektor, Zh. Eksp. Teor. Fiz.
53, 1278 (1967) [Sov. Phys.-JETP 26, 747 (1968)].
2 V. V. Chetkin, M. P. Vasil'ev, L. I. Grigor'ev, and
B. I. Smerdov, Nuclear Fusion 4, 145 (1964).
3 V. I. Aref'ev, ZhTF, in press.
4 V. L. Sizonenko, and K. N. Stepanov, Nuclear Fusion,
7' 2 (1967).
5 A. B. Mikhailovskii, ibid. 5, 125 (1965).
6 K. Suzuki, Ann. Rev. of J.P.P. Japan (April 1966March 1967), p. 107.
7 V. I. Aref'ev, I. A. Kovan, and L. I. Rudakov, ZhETF
Pis. Red. 7, 286 (1968) (JETP Lett. 7, 223 (1968)).

If we substitute this value in (42), we get
Q2

t'l=--,
We, i

Q=

We,i •

2"

(43)
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