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It is shown that, in a certain range of the coupling constants, the coexistence of singlet and
triplet pairs is possible in an anisotropic superconductor.

A

peculiar phenomenon is possible in an anisotropic superconductor, viz., coexistence of singlet
and triplet pairs in a finite range of values of the
interaction constants. This is due to the fact that
in some directions the gap corresponding to a singlet pair may turn out to be larger, but in other
directions it may turn out to be smaller than the
triplet gap. Therefore, in certain cases the simultaneous formation of singlet and triplet pairs turns
out to be energetically favorable, although the corresponding coupling constants are different. As
the values of the interaction constants approach
each other, coexistence obviously does not disappear, i.e., this phenomenon occurs over a whole
range of values of the interaction constants.
Let us consider a model of a superconductor
with account of only the interaction of electrons
having opposite momenta; the Hamiltonian of this
model is

The function cp(n) transforms according to the
identity representation of the symmetry group of
the crystal (the analog of zero momentum in the
isotropic case), and the Xi (n) transform according
to the £-dimensional representation. The functions
cp and Xi obey the conditions
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Here the notation
(4)

has been introduced, where da is an element of
the Fermi surface, v(n) is the electron velocity on
this surface, and Po is a constant determined by
the condition [1] = 1.
The constant - (27r) 3/2p0 is introduced into Eq.
(2) for convenience.
At the present time, there apparently is no
unanimity on how to generalize the method of Ffunctions [ 11 to the case of nonzero momenta. On
the other hand, this method is generally accepted
in connection with the investigation of pairs having
The quantities apa and apa are the operators for
zero momentum. Therefore, it makes sense to
the creation and annihilation of an electron with
momentum p and spin a, ~P is the electron energy, solve the problem of the coexistence of singlet and
triplet pairs in the following way: By assuming
measured from the Fermi surface. The function
U(p, p') corresponds to the interaction of electrons gs > gt and taking the existence of singlet pairs
into account, find at what temperatures the 4in the singlet state, and V(p, p') corresponds to
vertex describing the scattering of electrons in
the triplet state (U is an even function of its arguthe triplet state has a purely imaginary pole, indiments, V is an odd function). For simplicity we
cating an instability of the initial state. [Z J
assume that these functions differ from zero only
Thus, the formation of singlet pairs is taken into
inside the shell - wu ~ ~P• ~ ~ wu and depend
account by the introduction of the F-function which,
only on the normal to the Fermi surface, but not
in the momentum representation, has the form
on~: U(n, n'), V(n, n'). The following form is as(see Sec. 34 of [ 3 J)
sumed for U and V:
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where w m = (2m + 1)7TT (T is the temperature),
~(n) is the energy gap, ~(n) = Q(T) cp(n).
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For the one-particle Green's function we have
the expression
G(

PWm)

=-

Wm2

+iwm~P2+ ~P~2(n) •

(6)

T

"'n

p0 v(n)

1

th l'G2 + Q2<p2 - ~
2T

)'£2+ Q2<p2

0

dCJII

('

• PoV n

II

i

(9)

X {f1 (n11 , n'; Q) ~ (n")- f 2(n", n'; Q) a (n")},

where

The value of Q(T) is determined by the equation

~ ~<p2(n) ~ dG

I

r2(n,n; Q) = - gt \ -(-'')- ~ :X;(n):x;(n )

-g.·

"'n

('
~::2 + G2 1
e
a(n)= 2 \ d£------th-,
'0
4e 2 + Q 2 e
2T

(7)*
(10)

The equations for the vertex r 1 describing the
scattering of an electron by an electron are represented graphically in the figure. Here a point corresponds to the function V(n, n') (the scattering of
electrons in the triplet state interests us), a line
with two arrows corresponds to the function F,
and a line with one arrow corresponds to the function G. After summing over the spins, these equations take the following form:
f 1 (p,q;E)= -2T ~ V(p,k)G(l•wm)G(-k;E-wn)

The real quantity Q characterizes the degree
of instability (E = iQ).
We seek the solution of Eqs. (9) in the form

The condition for solvability of Eqs. (9) has the
form
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X f2(k, q; E),
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f2(p, q; E)= 2T ~ V(k, p)F(kwm)F(-k,E- •wm) f 1(k, q; E)
m,h

- 2T ~,V(k,p)G(kwm)G(-k, - E - Wm)f2(k, q; E).
m, h
(8)

Here E is the total frequency, and p and q are
the electron momenta before and after scattering.
The free term is omitted from the first equation
of (8), which is valid near a singularity of rio r 2 .
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We rewrite Eq. (8), having carried out certain
transformations. Namely, we sum over m and
then we analytically continue these equations from
discrete points E into the upper half-plane. As a
result we obtain
d
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f1(n,n'; Q) = gt
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X {r!(n11 ,n';Q)a(n 11 ) - r2(n 11 n';Q)~(n 11 )},

*th =tanh.

Equation (11) for Q = 0 gives the temperature
at which the system becomes unstable with respect
to the formation of triplet pairs. In the general
case, for arbitrary cp and X, gs and gt, this question cannot be solved. Therefore, we consider
Eqs. (7) and (11) in certain limiting cases.
If cp(n) is an isotropic function, then (11) has a
solution only for gt = gs (and Q = 0). This stems
from the fact that for g t < gs the triplet pair
binding energy is always less than the singlet pair
binding energy.
The situation is different in the case of an anisotropic cp. The function cp plays the role of the
singlet pair wave function, and X (more precisely
Xi) plays the role of the triplet pair wave function.
The gap is minimal at the minimum of cp 2 , and the
triplet pair binding energy may exceed the magnitude of the gap at this place. It is clear that this is
still insufficient for instability. In addition, it is
necessary that X2 be as large as possible there
where the triplet pair binding energy is larger
than the gap, and as small as possible in the remaining regions; only in this case may the formation of a triplet pair turn out to be advantageous.
As an illustration, let us consider the case when
X2 is a o-function at the minimum of cp 2• From
Eq. (11) we find that an instability for T = 0 appears at the following value of gt:
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where !::, ~ is the minimum value of the gap for
T = 0. On the other hand, for T = 0 and !::, = 0 (no
singlet pairs), from ( 11) we obtain the following
result for the binding energy Q of a triplet pair:
gt

=
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Q
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By comparing ( 12) and ( 13) we see that the instability with respect to the formation of triplet
pairs in the presence of singlet pairs appears
when the binding energy Q of the triplet pair is
comparable with t:,.~l.
If !::, ~ = 0, and x2 is a 6 -function at the minimum of !::, , then the temperature of the instability
naturally coincides with the temperature of the
transition for gs= 0 (since singlet pairs do not
change the states of the electrons at the point
!::,~ = 0).
Let us determine the behavior of T as a function of gt for T « T c (T c is the temperature of
the transition to the superconducting state). From
formula (7) we obtain an expression for Q(T) at
low temperatures:
Q(T)
,
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where
is the minimum value of cp 2 , A is a
positive constant. Substituting (14) into (11), we
obtain when Q = 0
0
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Here Xm is the value of X at the minimum of !::, ,
and t:,.<Ol is the gap at T = 0.
The temperature T of the instability, determined by formula (15), varies differently with
change of gt depending on the relation between
and x~. First let us consider the case X
>
From Eq. (15) it is evident that T decreases with decreasing gt and for

in
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(16)

it tends to zero. It is assumed that g0 < gs, i.e.,
the condition
(17)

is satisfied.
The case
<
is of interest. Here an instability is possible even for gt < g0 , where T increases with decrease of gt. This corresponds to
the fact that when gt < g0 the formation of triplet
pairs is advantageous in the temperature interval,

xin <Pin

let us say, from T 1 to T 2, where 0 < T 1 < T 2 < Tc
[Eq. (15) determines the lower limit T 1 of the interval). Then, one can verify that this is actually
so by finding the temperature dependence of the
magnitude Q of the instability for some fixed value
of gt. It turns out that Q increases with temperature.
Such behavior of Q (and of the temperature of
the instability) lends itself to a descriptive interpretation. Let gt be such that the formation of
triplet pairs is advantageous for T = 0. With increasing temperature, smearing of the quasiparticle Fermi distribution takes place near the minimum t:,.< Ol. This smearing causes a decrease of
the binding energy for both singlet and triplet
pairs. But the wave function of a triplet pair at the
minimum t:,.<O> is smaller than the wave function
of a singlet pair:
<
i.e.' the triplet pair is
less sensitive to an increase of the temperature
(its binding energy decreases more weakly than
the binding energy of a singlet pair). Since only
the ratio of !::, to the binding energy of a triplet
pair is important, the formation of a triplet pair
becomes more advantageous with increasing temperature (Q increases).
Let us consider the other limiting case, T c
- T « T c· One can find Q(T) from formula ( 7): [ 41

xin <Pin.

QZ(T)-

C Tc-T
- -[cp'r-r:-·

( 18)

where C is a certain constant (independent of the
form of cp). Substituting (18) into (11) (we take
Q = 0), we find the temperature of the instability
(19)
It is obvious that T must be less than T c for
gt < gs. Therefore Eq. (19) makes sense only if
the condition
(20)

is satisfied. If this condition is not satisfied, then
T does not tend to Tc as gt- gs- 0.
From the examples considered, it is clear that
under certain conditions the formation of triplet
pairs is actually energetically favorable. Coexistence occurs over a certain range of values of gt·
The temperature interval in which coexistence is
possible may not extend down to zero.
It is obvious that a phase transition of the second kind takes place at the temperature of the instability. At this point the heat capacity must undergo a discontinuous change. Below this temperature, the heat capacity must exhibit a more abrupt
decrease. Coexistence also manifests itself in
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other properties of a superconductor (for example,
in the paramagnetic susceptibility).
The author wishes to thank V. L. Pokrovskil for
a discussion of this work.
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