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Some properties of electromagnetic wave propagation associated with the appearance of a negative differential conductivity are considered. Dispersion relations are obtained for transverse
and longitudinal electromagnetic and electroacoustic waves in a semiconductor situated in constant electric and magnetic fields. It is shown that amplification or generation of waves as a
result of change of sign of the conductivity is possible in a certain frequency range; the increments of amplitude increase of these waves are found.

As is well known, nonlinear effects begin to man-

8F
1
-8t+ vV r F + e{E + -[vHJ}
VP F = St {F}+ Stee{F}.
C

ifest themselves noticeably in semiconductors
even for relatively small electric field strengths.
These effects lead to a series of interesting phenomena: the appearance of a negative differential
conductivity, the interaction of electromagnetic
waves of different frequencies, etc. In this connection it is of definite interest to investigate the
electromagnetic properties of a semiconducting
plasma situated in a constant electric field. The
present communication examines certain properties of electromagnetic wave propagation at low
frequencies (w « v, where v is the characteristic electron -collision frequency), associated with
electron heating.

(1)*

Here the following symbols have been introduced:

v is the electron velocity, E the electric field,
H the magnetic field, p the quasimomentum of the
electrons, St{F} the collision integral of electrons
with phonons and impurities, Stee{F} the interelectron collision integral. The dispersion law for
electrons is assumed to be quadratic, E = p 2/2m
(E is the electron energy).
We shall seek a solution of (1) in the form

F(p, r, t)

=

Fo(e, r, t)

+ (p/ p, Ft(e,

r, t)).

(2)

As usual, we consider the second term on the right
hand side of (2) to be much smaller than the first.
If the electron concentration is large enough
(n » E 2Z/e 2/ 3• 4 l where l is the mean free path
of the electrons in their interaction with phonons,
impurities, etc.), then only inter-electron collisions1> are significant in (1) to a first approximation, i.e.,

1. STATEMENT OF THE PROBLEM. INITIAL
EQUATIONS
To solve the problem of electromagnetic wave
propagation in a medium one must first of all determine the dielectric tensor of the medium, and
then obtain dispersion relationships by using Maxwell's equations. Several authors[!, 2 l have considered the low-frequency properties of a plasma
in a constant electric field. These however did
not take into account the possible appearance of a
negative differential conductivity, which leads in
many cases to instability of electromagnetic oscillations in a semiconductor. We confine ourselves
to semiconductors in which inter-electron collisions play a substantial role. The kinetic equation
for the electron distribution function F(p, r, t) is
written as

Stee{Fo} = 0,
whence we obtain, following [ 3 • 5 l
F

n(r, t)
[
e
o(e,r,t)= (2nm8(r,t))'l,exp -8(r,t)

J;

(3)

*[vH] = v x H.
l)The condition imposed on the frequencies and wave vectors is given below.
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n(r, t) and B(r, t) are found from the equations of
continuity and energy balance (see [ 51 ):
3 iJ
iJtn8+divQ-jE= :!P(n, 8). (4)

iJn

e-+ divj = 0,

2

iJt

.
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We then obtain the following: ®0 , the temperature
in the zeroth approximation, is found from the
equation (see also [ 61 )

joE0 =

Here
J=

OF

fJ;h 0E; 0Eh 0

2no

=

1'Jt E>o'1•

( 1 -T)""
- ~ A(e)e'he-•1 9 ode,
E>o

0

r

(7)

3- J eF1 (e,r, t)de

where the components of the electric conductivity
tensor are determined by the relation

0

is the electric current,

o'oEO

=

s

8Jt -y2m~2 de e'f,poo (e) T ( 8)
3E>o
1 (J)H2T 2 (e)
0

+

{Eo-~ (HOED]
me

is the heat flux, and

(8)
00

ff' (n, 8) = ~ e'l• St {F0 (e, r, t) }de
0

is the amount of heat transferred to the lattice by
the electron gas.
We use the usual expressions for the collision
integral [ 3 1
St{Fo}=

3A(e) [ aFo + Fo] },
-~~{v
3
v

iJe

iJe

T

1 -~F1
St{~F1}=
-p
-r(e) p

(5)

where A(E) is the diffusion coefficient in energy
space, associated with the relaxation time for energies, T is the lattice temperature, r(E) is the
relaxation time for momenta. r(E) and A(E) may
be represented in the following form: [ 61

=

-r(e)

-r(T) (e IT) q'
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'l''(w, k)ei(kr-oot>dkdw,

-oo

then we may easily obtain for

-r*(s)}"~
1

+

WHZ-r 2

Ff (w,

k)

F 0°(e) {A- e-r* [H 0A]
me
(10)

(6)

The distribution functions of the temperature,
concentration, etc. may be obtained similarly.
We shall assume that the variable fields, which
we shall designated by primed letters, are small
in comparison with the constant fields, designated
by zero indices:
E

@'and n' satisfy the linearized system (4), and j'
and Q' are expressed in terms of F1 with the help
of the formulas given above. F! satisfies the equation obtained by linearizing Eq. (6).
If we assume that all primed quantities can be
written in the form

F/ =

A (e) =A (T) (e/ T)r.

The numbers q and r characterize the type of
scattering (phonons, impurities, etc.).
The kinetic equation for determining F 1 is
written as: 2 >

aF 1
-0
t

Expanding (3) in a series in powers of n' and
®',we obtain for F6

H = H 0 +H',
IH'I<HO.

where r* (E) = r(E) /[1- iwr(E)] is the effective
relaxation time,
eE' { eE [n'(w,k)
( e _ 5 )]
-++ E>'(w,k)
-E>o -2
E>o
E>o
no
E>o

A-

0

+ _e_[k(vo(e)E')- E'(kv (e) )]}- ik[n'(w, k)
0

(i)~

+E>'(w,k) ( ~-~) J,
E>o

, E>o

2

(11)

2 )The

term in this equation associated directly with collisions between electrons does not play a significant part since
the interaction between electrons changes neither the average
electron energy directly, nor the current strength (see[']).

~

Formulas (2) -(11) are applicable if
vr~Vo,

lw + ivl~ kvr,
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where VT = -J 2® 0 /m is the average thermal velocity of electrons. 3>
The first term in expression ( 11) describes the
current created directly by the changing field. If
we set E0 = 0 and k = 0 we obtain an expression
for the conductivity of <Tik(w), valid for arbitrary
relations between w and 11T(E ). (In what follows,
the case for wT (E) « 1 is considered.) The second
term is associated with the drift of electrons in a
constant electric field, and finally the third corresponds to the diffusion and thermal diffusion current. Expressing the concentration n'(w, k) and
temperature ®'(w, k) from Eqs. (8)-(9) in terms
of the field E'(w, k), we determine the effective
conductivity tensor <Tik(w, E0 , k).
The expressions for <Tik(w, E 0 , k) are unwieldy
in general form. We shall thus confine ourselves
to considering individual cases.
2. PROPERTIES OF A PLASMA IN THE
ABSENCE OF A CONSTANT MAGNETIC
FIELD
If there is no magnetic field present, then a 0 is

a scalar and the equation of balance (7) has the
form for T « ®o
CJoEoz

=

2A (~no (
T}'n

where a

=

~
T

)"r (r + ~ \)

If q = 0, then formula (13) goes over into the well

known expression obtained in l 2 J.
From the dispersion equation

I

2

k 2bil, - k;kk - w
- Bih
cz

e 2no/mv(® 0 ) and

Bik

=

Bbil,

4ni C5ik
+ -w

( 14)

(15)
4 nik (Go sin2 a+ O'ctif cos 2 a) J
+ wVo
w
+ 4nicro (w - ~kvo)· J[8 + 4nicr ctif J=
-- 8

k2 [ e

2 [

0,

w - kvo

w2

c2

(16)
where cr dif = ao(r + q) /(r- q) is the differential
conductivity, and ()I is the angle between k and v0 .
Equation (16) describes oscillations polarized
in the (k, E0) plane and Eq. (15) characterizes
transverse oscillations in the plane perpendicular
to (k, E0). For ()I= 0 Eq. (16) breaks up into the
dispersion relation for longitudinal oscillations

+ 4niCJ ctif

w-kvo

( 12)

= 0,

(E is the dielectric constant of the medium) we obtain

e

2

I

=

O,

w'

=

kv,

w"=- 4ncrctif

(17a)

8

( w = w' + iw") and the equation for transverse
oscillations (see (15))
w' = ~kvo,

w" = - k 2c2 I 4ncro ( k 2 ~ w2e/ c2 ).

(

1 7b)

For
kvo~4ncrol (r

is the effective electron collision frequency.
We shall consider the case of weak spatial dispersion when eE0/® 0 » k. This inequality can be
re-written in the form
ov ~ kvo,

o=

Vo2

I VT 2,

where v0 = eE0/mv(®) is the drift velocity. In addition to this we assume that
w~lr- qjrJ0E 02 Ino8o

(w~lr- qlov).

In this approximation the conductivity tensor is
equal to
O'ik =

(5

o{ (1 -

kv0 )
w

~- b;k

kivok
+ j3----=----=+ . .(~-)
. r - q 1-,-w-(--=-k-)
w
Vo

3 )The limits of applicability of the expressions obtained
are discussed in detail in[•-•,•].

+ q) I (r- q) I

the longitudinal oscillations are weakly damped if
(r

+ q) I (r- q) > 0.

As is well known, negative differential conductivity
arises for r + q > 0, and r - q < 0. l 6 J
The appearance of a negative differential conductivity has the following physical significance.
The effective electron collision frequency increases as the electric field becomes stronger,
which results in the decrease of the electron drift
velocity and consequently the current decreases,
i.e., djo/dE0 < 0. (It is assumed that the concentration is independent of the field.) We then have
growing oscillations. This means that it is possible to have amplification or generation of longitudinal waves propagating a constant field in a
semiconductor situated in a constant electric field.
If k ~ 27m/a, where a is the length of the sample,
n is an integer, then a spectrum of frequencies is
generated in the system. The upper limiting frequency w is here determined by the condition
wgr .$ Ir - q Iov; the lower frequency is unre-
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stricted. The transverse waves are damped.
For a == 1r /2 we obtain from formula (16)

is fulfilled. In this case longitudinal and transverse waves intermingle and when

ro 2
4n:iro
r+ q
k2 = e+--ao---

(18)

roe + 4n:iao = 0.

(19)

cz

c2

r-q'

Here longitudinal oscillations are strongly damped;
transverse waves can propagate, weakly damped
(or growing), on condition that
(J)8

I r+ qq I

~

--~-~

4n:ao

r-

If

l

r+q~~-ro-

r- q

4:n:ao'

then the field is strongly damped as is clear from
( 18). In this case the surface impedance of the
semiconductor is of interest.
The impedance t; for a field polarized in the
(k, E 0) plane, equals
~=

(

,

sn: I(Jdil I
(J)

)'''

(1

+ i) =

(J)

(20)

-k,

c

for normal incidence of waves on the surface (E 0
parallel to the boundary), on condition that a dif
< 0. That is to say; the amplitude of the field in
the sample increases when Re t; > 0.
The surface impedance for a field polarized
perpendicular to (k, E0) is determined by the usual
expression (normal skin effect). For wave propagation at an angle (a
1r /2) to the electric field
the dispersion equation has the form

*

ro' = ~kvo,

,
(J)

=-

k 2 c2 ( a0 sin2 a + a dil cos2 a)
4:n:aoa dif

< 4n: Iao sin

2

a dil

<

0,

<Jo sin 2 a

> Ia dif Icos2 a

the amplitude of such a wave increases.
We note that negative differential conductivity
can be used for sound amplification in piezosemiconductors. It is well known that amplification
of sound oscillations is possible in piezo-semiconductors if the carrier drift velocity exceeds the
velocity of sound. [ 71 In this case the electronic
conductivity changes sign. Negative differential
conductivity also leads to a similar effect. For
amplification it is of course necessary that in both
cases the increment of oscillation growth caused
by the electronic conductivity should exceed the
damping decrement brought about by other dissipation processes.
Using Poisson's equations for a piezo-semiconductor in a constant electric field and the equation
of elasticity, and assuming that the piezo-semiconductor has isotropic elastic properties, we obtain
the dispersion equations for electro-acoustic oscillations: [ 1 • 81

( -ro') =
k

1

Ct

+

1

--(F1-

Fz) Re Dy2,

2Ct

1
2,
( -ro') = cz+--FzRevy
k 2
2cz

here cz and ct are the longitudinal and transverse
velocities of sound respectively:
F 1 (a, q>) = sin2 a(cos 2 a+ sin 2 a cos2 q:> sin2 cp),

'

(21)

if the inequality
el ro - kvo I

a + a dil cos2 a I

Fz (a, q>) = 9sin4 a cos 2 a sin2 q:> cos2 q:>,
where a and cp are the polar and azimuthal angles of the k vector, with the polar axis directed
along E0 ;

16:rty2 {ro 0' - kvo)[(ro/- kv0 )e- 4n:i(a0 sin2 a + <Jdif cos 2 a)]
p [e 2 (roo'- kvo) 2 + 1·6:rt2 ( <Jo sin2 a + a dif cos 2 a )2]

where w0 == kct, kc z respectively for transverse
and longitudinal waves, 'Y is a constant characteristic of the elastic properties of the sample, p is
the mass density of the crystal. If we set q == 0 in
(23) then expression (22) goes over into Hutson's
well known formula for sound amplification. [ 71
Increase of acoustic oscillations is possible for
w > kv0 if
(Jdif

<

0,

Ia dif Icos2 a >

73

ao sin2 a.

If diffusion and thermal diffusion effects are sig-

(23)

nificant (eE0/® 0 « k-strong spatial dispersion),
then the differential conductivity does not characterize energy dissipation processes. In this case
both longitudinal (k II E 0) and transverse (k 1 E 0)
oscillations are strongly damped.
The damping of longitudinal oscillations w" is
proportional to a0 k 2 r~, where r~ == ®o/47re 2no is
the Debye screening radius. (A similar result is
obtained in [ 91 . ) The damping of transverse oscillations is determined by the static conductivity:
ro" """' c2k 2 / 4n:ao.
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3. A SEMICONDUCTOR IN A STRONG
MAGNETIC FIELD
Low-frequency weakly damped oscillations,
namely helical waves (w « T- 1 « WH) with a dispersion law[ 5 ]
k2c2
ffi' = --ffiHcosa,
ffio 2

4ne 2no
ffio2 = - - -

m

(24)

helical waves if r + q > 0 and r - q < 0, since
damping depends on the diagonal components of the
conductivity tensor.
Substituting the value of Uik from (25) into (14),
we obtain the dispersion equation for helical waves
in the form
4rtffi
)2
k"' cos 2 a - ( -·- Uxy 0 -

4rtiUxx0ffik 2 [ r - q

can exist in semiconductors or in a plasma in a
strong magnetic field. Here a is the angle between the direction of the magnetic field and the
wave vector.
Under certain conditions a constant electric
field may lead to the amplification of helical
waves. One of the conditions is that if the carrier
drift velocity exceeds the phase velocity of the
spiral wave, then as a result of the Cerenkov effect the amplitude of such a wave is amplified.
Moreover, in the low-frequency region of the spectrum a state of affairs is possible where the differential conductivity plays the part of the real
conductivity. Increase of field amplitude on account of the negative differential conductivity then
takes place instead of damping.
Wave amplification for v 0 > w /k is considered
in the paper of Bok and Nozieres. [ 10 J
We shall consider the possibility of helical
wave amplification in the case when the semiconductor has a negative differential conductivity. We
shall not take into account the effect of carrier
drift on the conductivity, i.e., we assume that the
frequency satisfies the condition ov » w » kv0 •
Let

---

r+q

c2

c2

+ cos

J

f2(5/2)

2

a
(26)

+r(%+q)f(5/2 -q) sin 2 a =0,

whence it follows that

(27)

If r + q > 0, r - q < 0, and

then the helical wave is amplified. This condition
may be fulfilled if, for example, energy transfer
takes place by scattering from optical phonons
(r = - 1f2), and momentum transfer by scattering
from charged impurities (q = %>. [GJ The increment of amplitude growth for such a wave with
frequency w' is equal to
v
I---+cos
r-q
s = 2/ffiHcosaJ
r+ q

2

a

(28)

then
In conclusion we shall examine the case of electromagnetic wave propagation transverse to the
magnetic field (a = rr I 2). Here, as is well known,
the dispersion equation breaks up into two equations for the ordinary and extraordinary waves:

(J}2
k2 - 2
c

(25)
As is clear from (25) the part of the true component of the conductivity ayy at a frequency w « ov
is played not by the static conductivity ayy = a~x•
but by the differential conductivity.

ezz

=

(J}2

0,

k 2eyy

exyeyx -

exxeyy)

=

0. ( 29)

In this case weakly damped waves do not arise in
the plasma. The surface impedance for normal
wave incidence is of interest. If the vector k is
directed along the constant electric field E0 , then
we obtain

s<O) = (~
8rtGzz

)•;, (1- i),
. 'I

This circumstance can lead to amplification of

+-(
c2

s<H) = (-(J}- ) , (1 + i)
8rt0' eff

( s=~)
ck '
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axyoz
= 0
axx

I

+

r
q
r- q

---

I

(r+q>O,

r-q<O).

(30)

The amplitude of the extraordinary wave increases
within the interior of the medium, and the energy
is released in the medium.
If the vector k vector is directed transverse to
the field E0 the surface impedance for the extraordinary wave is determined from the equation
02
4niw
ax_y_
k2 = - __
c2
axx 0 ,

and the wave amplitude does not increase.
The high frequency case when w » kv0 , v is of
definite interest. Under these assumptions the
conductivity tensor and refractive index are determined by the usual formulas (see for example [ 5 J),
in which, however, the effective electron temperature e, which depends on the electric and magnetic fields as well as on the form of the boundary
conditions, must be taken as the temperature. It
is easy to see that in the case where w » v the
damping of electromagnetic waves K is determined
by the formula K = Ko(T /9 0 )q, where Ko is the
damping in the absence of an electric field.
The line width !:l. w and electromagnetic wave
damping for magnetoplasma and cyclotron resonances are written in the form

75

imposes the following limitations on the semiconductor parameters':

(d is the dimension of the sample in the direction perpendicular to the constant current).
The first condition corresponds to neglect of the pinch
effect, the second to the neglect of the magnetic field of the
constant current itself.
The authors are grateful to A. A. Rukhadze for having
drawn their attention to this fact.

Here 9 0 is a function of r, q, T 0 (T), and A(T), so
that by measuring the dependence of line width for
resonance or damping of electromagnetic waves
one can obtain some idea of the nature of electronphonon interaction.
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Note added in proof (October 29, 1965). In the present paper
the magnetic field of the current itself is not taken into account. It is possible to show that allowance for this field

Translated by B. Uscinski
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