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Equations are derived that yield the time variation of the plasma wave spectral density and of
the fast electron distribution function for arbitrary velocity distributions. The dispersion
relation for the stationary problem is solved, and the spatial extent of the exponential stage of
the slowing down of the monochromatic beam is estimated.

l.

There are many articles which deal with the
generation of plasma oscillations by fast electron
beams. It has been established that intense
plasma oscillations can react on the beam and
produce anomalous electron scattering, in which
one observes a spatial localization of zones of intense plasma oscillation and zones of anomalous
scattering.
In a recent paper Gabovich and Pasechnik 1
show that l, the distance traveled by an electron
beam in a plasma before scattering, increases with
a decrease in the beam current density, and that
for a given l there exists a critical current density beyond which there occurs a considerable
increase in fast-electron scattering. If the beam
flux is more than critical, the average energy loss
for an interaction with the plasma over a distance
l amounts to 10 - 20%.
In the interpretation of their measurements,
Gabovich and Pasechnik1 refer to Vlasov 2 and
Boh.n and Gross, 3 who, in order to explain the
anomalous scattering in the experiments of Merill
and Webb, 4 assumed that an electron beam penetrating a plasma is velocity modulated by a
fluctuating voltage AU. The beam modulation
causes the formation of electron bunches and the
appearance of intense plasma oscillations. Vlasov
associates the voltage fluctuation with thermal
surface oscillations of the plasma, the amplitude
of which is on the order of the temperature T (in
energy units). However, it can be shown that the
amplitude of the surface oscillations is in fact
many times less, r:::J Tv'n0A.b (where A.u is the
Debye length and n 0 is the electron density).
Bohm and Gross attribute the appearance of the
initial modulating voltage to the overall instability
of the beam in the plasma and compare this voltage
with the initial velocity spread in the beam. It is
to be noted that the random fluctuations which are
intensified by the action of the electron beam
appear as longitudinal plasma waves. Their group
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velocity is directed along the beam, and for a semiinfinite plasma with no reflecting surfaces these
waves cannot induce sufficient modulation at the
penetration into the beam.* Besides, what is absent from the mechanism described by Vlasov and
Bohm and Gross is the clear relationship between
the scattering length l and the electron beam
density n, a relationship observed by Gabovich
and Pasechnik even when the frequency of the
plasma oscillations was determined entirely by
no(no »n).
To explain the anomalous phenomena in the
interaction between a beam and plasma, one need
not assume that there is a modulation voltage on
the order of several volts at the plasma boundary;
it is enough to assume that an electron beam in
the plasma is unstable. 6 • 7 Because of this instability, the small disturbances (which always occur
whenever the beam penetrates ) grow exponentially
with the distance from the boundary, and at a depth
of about 1 em their measured 1 • 4 amplitude becomes
sufficient to effect anomalous beam scattering. We
hasten to add that the above mechanism has no
bearing on the interpretation of Looney and
Brown's experiments, 8 in which the resonance
properties of the system were sharply pronounced.
A theory of plasma wave excitation for two
interpenetrating plasmas of the same density was
developed in the hydrodynamic approximation by
Kahn. 9 To explore the problem thoroughly, a
kinetic equation must be used. This has been done
by Klimontovich, 10 who has derived a kinetic equation describing the excitation and absorption
processes for plasma waves. Similar equations,
though of wider applicability, are derived in the
present paper (Sees. 2 and 3). These are applicable even when the plasma oscillations are not in
*Gabor et al. 5 found a variable field at the plasma boundary with a large amplitude (,T) and with a frequency 4-5
times smaller than the Langmuir frequency. The nature of this
field is not clear to us.
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thermal equilibrium tmd the electron distribution
function is non-Maxwellian.
Klimontovich developes a non-linear theory to
explain why fast electron beams with a rather
large velocity dispersion slow down in a plasma.
However, the requirement that the fast electron
beam be only slightly excited by the plasma waves
induced by the beam renders Klimontovich's extension of the solution to steady waves incorrect. In
Sec. 4 we derive equations that can be used to
analyze the non-exponential growth in time of the
plasma wave intensity, induced by beams with an
arbitrary velocity distribution. It is shown that
during the deceleration a strong scattering occurs
in the beam, accompanied by the appearance of
electrons with energies greater and smaller than
the average initial energy. These equations, when
applied to electron beams with a large velocity
dispersion, reduce to the kinetic equations derived
in Sees. 2 and 3. The accuracy of the equations is
tested for a specific case in Sec. 5. The electric
field in the equations that we have derived is characterized by the spectral density of plasma waves.
Therefore, the phenomena of the velocity modulation of the entering beam and its subsequent
bunching cannot be described by the proposed system of equations. In Sec. 7 we obtain the dispersion relation for the growth of the plasma wave
intensity in the stationary linearized approximation
and compare the theoretical and experimental
values for the spatial extent of the linear stage of
the deceleration.
In the following analysis it is assumed that the
density of the fast electrons is much less than that
of the plasma and that there are no external magnetic and electric fields.
2. Let us use the Focker-Planck equation to
derive a kinetic equation for the beam electrons,
in which we include the interaction with plasma
waves, thus

aN;at + uiaN;axi + aitfaui = o.

(1)

Here I is the electron current in velocity
space, which is found by computing the average
decelerating force F i and diffusion coefficient
Dik:

exceeds the plasma-oscillation wavelength that is
characteristic for the problem. To describe the
plasma oscillations we employ the plasma-wave
spectral energy density E (q, r, t), where q is the
wave vector. The total plasma wave energy per
unit volume, W, is given by:

W=~ed 3 q.
The decelerating force F due to the collective
interaction is composed of a force F 0, which is
due to spontaneous plasma wave radiation ( E = 0 ),
and a force FE, which is proportional to the wave
intensity. The force F 0 has been computed in different ways by various authors (see, for example,
references 11 - 13) and is given by
(3)

The minimum wave number (or qmin) corresponds
to waves radiated in the direction of motion of the
particles (cos () = 1) and is determined by the
condition

(4)
Since plasma waves with q > 1/A.D are strongly
damped, one can set qmax equal to 1/A.n.
To compute FE we need to find the average
acceleration imparted to a particle by the electric
field of the plasma wave, viz.,
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0

must satisfy the condition

lfr'?>M'?> ljl1qu,

(6)

where y is the logarithmic time derivative of the
plasma wave amplitude, and ~q characterizes the
width of the plasma wave spectrum.
Expanding (5) in a power series of the electric
field vector E, we obtain for FE an expression
which is proportional to E, viz.,
(7)

To compute the diffusion coefficient Dik we
express the velocity increment in Eq. (2) in terms
of the electric fields,
The bar designates an average over the various
possible variations in velocity ~u during time ~t.
N ( u, r, t) is the electron distribution function
and is obtained by averaging the exact distribution
function over a volume whose linear dimension

D.t

D.t

11utt.Uk = ~: ~ dt ~ d-o-ctC""""O'E=-t--o-(r--:(--:-:-t)-,·--:-:-t)~E=-~t--c(r-(~t'""""),~t',-).
0

0

Effecting the above simple computation, we
finally obtain
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On the other hand, condition (6), when applied to a
beam of fast electrons, has the following form

Consequently the electron flux in velocity space
is given by
!·= _
'

e•w~
m
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.
m au k q2 w2
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(9)

In deriving Eq. (9) we have neglected terms proportional to E2 in the series expansion of (5).
This is permissible if the inequality

~ ed3 q ~ (tlqjq) 4 n 0mu 2

(10)

is satisfied. Condition (10) applies even when the
plasma wave spectrum differs appreciably from
a thermal spectrum. In the particular case when
the wave spectrum differs only slightly from equilibrium, Eq. (9) reduces to Klimontovich's. 10
3. Let us set up an equation to define the plasma
wave spectrum, i.e., an equation for the function
E ( q, r, t ). The variation of E in time will be determined by the transfer of plasma wave quanta
(plasmons) with the group velocity aw/Oq_, by the
spontaneous radiation of plasmons (a term independent of E), and by their absorption or induced
emission which is proportional to E ( q, r, t ):
~+ aw~=A+Be.
at

aqi axi

Here B is twice the growth rate of the plasma
wave amplitude.
The quantity B is to be found from a dispersion
relation that depends on the electron distribution
function N ( u). If the function N ( u) can be expanded in a series in the complex plane near the
point q · u = w and if moreover the value of the
function at the pole q · u - w - iy can be found
from just the first term of the expansion, then ,the
following expression is obtained for B,
4:n:w02 e2 ~

B = 2r = -

-

mwq 2

aN
q; -a
6 (qu- ro) d 3 u.
ui

(14)
where, as in Eq. (10), .6-q and q characterize the
plasma wave spectrum. If the plasma waves are
generated by the fast electrons themselves, then
.6-q/q:::; .6-u/u, ana conditions (10), (13), and (14)
become equivalent.
The intensity of the spontaneous radiation is
found by analyzing the motion of a charged particle
in the plasma. 12
Thus, for the kinetic equation for E ( q, r, t ),
we obtain
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(12)
is satisfied. For a beam of fast electrons of
density n, moving at velocity u through a plasma
with an electron density n 0 and possessing a
velocity dispersion .6-u, this inequality assumes
the following form
(13)

(15)

Equations (1), (9), and (15) can be derived from
a quantum representation of the plasma waves if
the probabilities of emission and absorption by the
electron of a quantum with frequency w and wave
vector q are assumed to be, respectively, 15
w2

w+=° 2 (Noo+ 1),
2:n:wq
where Nw is the density in phase space of quanta
with frequency w.
It should be noted further that the description
of plasmon transfer by a group velocity concept is
justified provided that
(16)
If this inequality is not satisfied then the region of

applicability of Eq. (15) is determined by a more
stringent requirement on the velocity dispersion
of the electron beam, viz.,
(17)

(11)

In the particular case of a Maxwell distribution,
the Landau 14 damping formula is obtained. A
corresponding expression for y was previously
derived by Bohm and Gross. 6
·
The next pure imaginary term in the expansion
of N ( u) can be neglected if the inequality
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Condition (17) defines simultaneously the boundaries of the quantum representation of plasma
waves.
4. Equations (1), (9), and (15) are applicable
when the electron distribution is a sufficiently
smooth function of the velocity. Now let us derive
equations for the time variation of the plasma wave
spectral density and for the distribution function of
fast electrons with an arbitrary velocity spread.
We begin with the dispersion relation 14
I=

Li:n:e 2 i ('
aN
d"u
mq2 )q;~ i(qu-w)+l ·

c

(18)

l

We are interested in the case in which the
electron distribution function can be represented
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as the sum of a Maxwellian distribution, No ( u),
and a fast-electron distribution, N (u, r, t), in
which the average velocity is assumed to be considerably larger than the thermal velocity of the
plasma. Since the distribution function for the
fast electrons is different from zero only within
a certain limited region of velocity space, this
region is best separated in the dispersion relations where the integration is over u. Neglecting
terms proportional to ( n/n0 ) 2!3 and (a/w ) 4
where a 2 = q 2T /2m, we find from (18) that

wg

6a 2 wg

w- qu

w~ ( d3

. iJN
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The integration in (19) and (20) is to be performed
over the region w - q · u « w0 • These equations
are applicable if w and w 0 differ only slightly,
which is not the case when q « w/u, although
such small values of q are essentially absent
from the plasma-wave spectrum when the waves
are generated by fast electrons.
In the case of a monochromatic electron beam
( ( n/n 0 ) ( u/~ u )3 » 1, n « no) with velocity uo,
Akhiezer and Fa1nberg 7 have found that
r = 1'a- (ro- quo) 2112ra.
1'a = V3·T'1'(nl no) 11'ro~'(w-

qaw I aq)''·.

(21)

Here w represents the oscillation frequency for a
Maxwellian distribution ( n = 0 ) :
-

ro (q) = ro 0

+ 2 Tq
3

2

I mroo.

(22)

When the electron beam is not monochromatic
((n/no)(u/~u) 3 « 1), then y is determined by
Eq. (11).
The derivation of Eqs. (24) and (25) which
follow is based on the assumption that the electron
distribution function changes more slowly than the
plasma wave amplitude, i.e., that the system is
"quasi -stationary." If ( n/no) ( u/~ u )3 » 1, then
one can show that the "quasi-stationary" approximation holds when

~ ed 3 q

< (nln )'1· (6.ulu)
0

transfer by means of the group velocity concept is
applicable if
ow~~~
aq ax

at ·

This inequality is not satisfied, for example, in the
case of the stationary problem whose solution is
examined below. Equation (24) does not take into
account the radiation of plasma waves by individual, randomly moving electrons, but this radiation is important only for finding the initial values
of E in the exponential stage of growth of the
oscillation and during the approach to equilibrium.
The corresponding equation for the electron
distribution function for a given spectral density
E ( q, r, t) will be of the form
aN;at

+ u;aNjax; + aJ;jau; =

0,

(25)

where
(26)
Aik is determined uniquely by stipulating that
Eqs. (18), (24), (25), and (26) satisfy the conservation of energy and also that in the limit, when
(n/no) (u/~u) 3 « 1, Eq. (26) reduces to the corresponding term in Eq. (9). In this case we have
8ne2
qiqke (q) Iii
(27)
A;k = - ~ q• [1 + wgfw 2 + 18a2wg/w 4 ]
Unlike the linearized kinetic equations, Eqs. (24),
(25), and (26) take into account the reaction of the
plasma wave field on the fast electrons. On the
other hand, the effects due to the nonlinearity and
non-sinusoidality of the wave are not included in
our equations. These effects can be described by
terms proportional to E 2 and are seemingly essential when the plasma waves die out.
5. Equation (25) describes the diffusion of the
fast electrons in velocity space during their interaction with the plasma waves. In case the beam is
almost monochromatic one can obtain, assuming
( w - q. u ) 2 « y 2, the following expression for Ii.
(28)

2

n0 mU 2 •

(23)

Despite the fact that the "quasi-stationary"
conditions are essentially fulfilled only for electron beams that are sufficiently spread out in
velocity, this approximation is useful in describing
the entire slowing down process. In this case the
equation for the plasma wave intensity is given by
(24)
As before, the description of the plasma wave

Let us assume that, in the main, waves are
generated with a wave vector directed along the z
axis, in a direction parallel to the velocity of the
fast electrons, i.e., that qz ~ q and qr « qz.
This occurs, for example, in the case of a fast
electron beam with a small cross section. Neglecting, moreover, the density variation in a
homogeneous electron beam due to scattering, we
can write the equation for diffusion in the Uz
direction as
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By means of (29) it is possible to determine the
induced velocity dispersion, viz.,
.1

u; =

( 4ne2Jm2 y 2 )

W.

(30)

Equation (30) is derived from Eq. (25), whose
applicability to a monochromatic beam has not
been, strictly speaking, proved. Therefore, in
order to determine the accuracy of Eq. (25), a
numerical calculation was made of the variation
in the velocity of single electrons in a beam
initially uniform in space and monochromatic in
velocity.*
In dimensionless variables the equation for the
motion of an electron in the field of an exponentially increasing plasma wave is
d2xjdf 2 =

cteYI COS ( X -

f),

Of.

= 1o-4,

Y = 0, J.

The initial electron coordinate x 0 ( 0 :s x 0 :s 1r)
and initial velocity, u 0 (I u0 - 11 < 10-3) were selected randomly. The value of a-2 ( u - 1) 2e -2Yt
at various times, which is shown below, was obtained by averaging over 135 different trajectories:
t

ct-2(u -1) 2 e~2 Y 1 =

0
32

10
20
22,4 36,5

30
44

40
46.3

50
43.5

These results are in good agreement with Eq. (30),
which gives
ot- 2 (U-

1)2e- 2YI

=

1j2y2 = 50,

6. Let us now consider an idealized problem
dealing with the growth of the instability in a
uniform monochromatic beam of electrons
moving in an infinite plasma of constant density.
Let us imagine that the interaction between the
fast electrons and plasma is switched on instantly
at t = 0. For t < 0, only a thermal background of
oscillations exists in the plasma these being due
to the random movement of Maxwell electrons ( E
= T /(27r) 3 • Once the interaction is turned on, the
plasma wave intensity which increases exponentially is given by
e (q, t) = (2nt 3 H- 2'1• (njn 0 )'1•mu~ + 1 TJ e2yt.
(31)
The pre-exponential factor is obtained by solving
the kinetic equation with the inclusion of the random motion of the electrons.
Integrating (31) over q we obtain the total intensity of the excited plasma waves. This result
is applicable so long as it is possible to neglect
the variation in y due to the fact that the monochromaticity of the fast electron beam is disturbed.
During this exponential growth stage a narrow region of wave vectors stand out for which qz is
close to w/u 0, so that when E is integrated over
*L. P. Strotseva and M. P. Bronntkova performed the computation for this problem.
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qz with y given by Eq. (21), the dependence of Ya
on qz becomes insignificant. The integration over
qr is to be restricted at some upper limit, qr max•
which in the case of a beam is determined by its
diameter. Hence we find that
W

~ ed q ~ ( 2~)" [ 2: ' ( ~J •r, mug
3

=

.L.::..
'

f)

r])V/loran".!._
t

2

2Ya1

Uo qrrnaxf!

(32)

•

From geometric considerations we have that
qrmax ~ qzd/u 0t, where d is the diameter of the
beam. If the diameter of the beam is significantly
larger than the path length to the scattering zone,
then the integral over qr converges when Landau
damping and the dependence of 'Ya on q are taken
into account.
The average velocity loss by the beam, t.u,
which follows from the conservation of total energy,
is found from the relation
W = nmu 0 .1u.

On the other hand, according to (30) the rms
spread in velocities is proportional to the square
root of W. Furthermore, bearing in mind that y
~ w 0 ( n/n 0 ) 113, we have
y(.1u) 2 ~ (n 0 fn)''· (Wjmn 0 )'h.

The mean velocity loss is comparable with the
rms spread for W ~ nmu5 ( n/n0 ) 1!3, at which time
y already differs considerably from its original
value and Eq. (32) becomes inapplicable. Assuming
in (32) that W = nmuij (n/n0 ) 1!3, we can find the time
r, during which the oscillation energy increases
exponentially,
t" = LJ2Ya,
where L is the logarithm determined from
Eq. (32).
7. In the case of the stationary linearized
problem the solution for the growth of the longitudinal oscillations due to a beam of fast electrons
in a semi-infinite plasma with specified boundary
plasma oscillations can be determined from the
dispersion relations derived by A. A. Luchina. 16
As applied to a monochromatic electron beam
entering a plasma, the dispersion relation is given
by

_
w2- w2
0

-

n
fi;;(w-ku) 2

...L

3Tk~

1

mw 4

'

(34)

where k = q + iJJ, is the complex wave vector
whose imaginary part J.l characterizes the spatial
growth in the plasma wave intensity.
If the plasma temperature is zero, T = 0,
which corresponds to the hydrodynamic descrip-
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the change in the monochromaticity of the beam,
which causes the appearance of electrons with an
energy greater than the initial, and the small value
of the average energy lost by the beam in the first
scattering zone. The appearance of a second
scattering zone, which was especially sharply de= ~ ( nmu2 )'/, V ch2 t - 1 /4
sh 2 t = (4nmu2 )'/,
fined
in the experiments performed by Merill and
flmax
u
6n0 T
ch 2 t
'
3n0 T
<35 )*
Webb, 4 should, apparently, be attributed to the
The spatial extent of the exponential growth of
modulation of the beam velocity and a subsequent
the plasma wave intensity, which corresponds to l, bunching of the beam after passage through the
the distance to the first scattering zone in the
first scattering zone.
electron beam, is found, as in (33), from the
In conclusion,the authors wish to express their
equation
gratitude to V. S. Imshennik, Yu. I. Morozov,
(36) E. Z. Tarumov, and V. A. Teplyakov for their
l = Lf2f1.
valuable consultation on several matters.
Equations (35) and (36), which determine the
dependence of the length l, on the plasma density
1 M. D. Gabovich and L. L. Pasechnik, JETP 36,
and the beam density, are qualitatively confirmed
1025 (1959), Soviet Phys. JETP 4, 727 (1959).
by the experimental results. Unfortunately it is
2 A. A. Vlasov, Teop1o1 MHOrHx qacTH~ (Many Body
impossible to make a thorough quantitative comTheory), Gostekhizdat (1950).
parison because we do not know accurately enough
3 D. Bohm and E. P. Gross, Phys. Rev. 79, 992
some of the quantities which occur in Eqs. (35)
(1950).
and (36). In the first place, Eq. (32) only sets the
4 H. J. Me rill and H. W. Webb, Phys. Rev. 55,
upper limit to the value for the logarithm ( L
1191
(1939).
~ 20 ); in fact the true value of L could turn out
5 Gabor, Ash, and Dracott, Nature 176, 916
to be somewhat smaller if the excitations on the
(1955).
plasma boundary were strengthened by reflection
6 D. Bohm and E. P. Gross, Phys. Rev. 75, 1864
of plasma waves in the experimental apparatus.
(1949).
In the second place, our estimates disregard the
7 A. I. Akhiezer and Ya. B. Fa!nberg, JETP 21,
finite energy spread in the electron beam, which
1262 (1951).
would diminish the value of JJ.. These data are not
8 D. H. Looney and S. C. Brown, Phys. Rev. 93,
given in the paper by Gabovich and Pasechnik. 1
965 (1954).
Finally, the published results 1 •4 do not contain the
9 F. D. Kahn, J. Fluid Mech. 2, 601 (1957).
actual plasma temperature.
10 Yu. L. Klimontovich, JETP 36, 1405 (1959),
If, nevertheless, we neglect the initial velocity
Soviet Phys. JETP 9, 999 (1959).
spread in the beam and assume T = 2 ev, then on
11 A. A. Vlasov, Yq. 3arr. MrY (Sci. Notes, Moscow
the basis of the experimental data given by Merill
4
State
University) 75, 2 (1945).
and Webb, the logarithm, L, for the two different
12
A. I. Akhiezer and S. G. Sitenko, JETP 23, 16J
measurements made by these authors proves to be
(1952).
15 and 19 respectively, which can be considered as
13 Gasiorowitz, Neuman, and Riddel, Jr, Phys.
a completely satisfactory confirmation of Eq. (36).
The value of L in the experiments of Gabovich and Rev. 101, 922 (J 956).
14 L. D. Landau, JETP 16, 574 (1946).
Pasechnik falls within the range of from 12 to 70
15
B. I. Davydov, <llH3HKa rrJia3Mhi H rrpo6JieMa
for the different beam and plasma parameters
yrrpaBJilleMblX
TepMOllAepHblX peaK~HH (Plas rna
employed. This disagrees with what would be
Physics and the Problems of Controlled Thermotheoretically expected for this quantity ( 15 < L
nuclear Reactions) Vol. 1, Acad. Sci. Press, 1958,
< 30 ). Evidently additional measurements are
p.
77.
needed to definitely clarify the problem of the di16
A. A. Luchina, JETP 28, 17 (1955), Soviet
vergence between the theoretical and empirical
Phys. JETP 1, 12 (1955).
values for the length, l, which differ in some
cases by as much as a factor of two or three.
The concepts developed above also provide for
an understanding of such experimentally observed
phenomena accompanying anomalous scattering as
Translated by A. Skumanich
*sh = sinh, ch = cosh.
22

tion of two mutually penetrating beams, then
J..tmax = oo, i.e. there is no stationary solution.
The value of J..tmax is finite if the temperature of
the plasma is different from zero. Provided that
T « mu2, the solution of Eq. (34) becomes

