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It is shown that in general the only singular trajectories in phase space which are important
in thermodynamics are trajectories which are self-intersecting. Such trajectories necessarily exist if the potential well has several minima. In the case of a metal in a magnetic
field this corresponds to a non-convex bounding Fermi-surface. The system of equations for
these cases is found and it is shown that near the point of self-intersection the separation between levels contains a part which oscillates with the magnetic field.
1. INTRODUCTION

1. It is known

case ( cf. reference 2)

that to determine the energy levels
in the quasi-classical case it is sufficient to express the energy E as a function of the action
variables Ii and to replace Ii in zeroth approximation by 27rniti ( ni is an integer, ti is Planck's
constant) and in first approximation by 21r ( ni
+ 'Yi)ti, 0 < Yi < 1.
For a one-dimensional motion (two-dimensional
in phase space )
e = e (/),

I= ~ pdq

=

~(e),

where ~ (E) is the area bounding the classical
orbit in phase space, and p and q are the generalized momentum and coordinate.
For the actual determination of the value of y
it is necessary to solve the Schroedinger equation;
however, to find the separation ~E between levels
in the zeroth approximation it is not necessary to
knowy, since in any case it is a slowly varying function of n (compared with n). Thus y ~ const, and
~(e)=
~e

S (e, Pz) =

1
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liw,

+ r)li,
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,

as (

ae· 1. 4)

Here m* is the effective mass. Obviously (1.3)
and (1.4) coincide with (1.1) and (1.2), if' we replace S by ~ and a by ti.
If the velocity p in momentum space [case (1.3)
and (1.4) 1 or the velocity ( p, q) in phase space
[the case of (1.1) and (1.2) 1 does not vanish, then
it is known 1 that y = %. This fact was first established for an arbitrary dispersion law by Zil'berman.3
However, in both cases the presence of one free
parameter (the energy E for the potential well
and the momentum pz for the case of fixed energy
equal to the chemical potential t, which alone is
important for the electrons in a metal) has the
result that in general there exists a quasi -classical
trajectory on which, for the electrons in the metal,
there is a point with p = 0:
e (p) = ~'

Vx

=

Vy

(1.5)

= 0.

Here we have used the relations

I. M. Lifshitz and Kosevich2 pointed out that the
quantization rules (1.1) and (1.2) can be used directly to obtain the system of levels for an electron
with an arbitrary dispersion law e: = E (p) (p is the
quasimomentum) in a constant magnetic field
H ( 0, 0, H). In momentum space the motion occurs
in the plane ( Px, Py), and Py and qy = cpx / eH, for
which [py, Ciy 1 = ti/i, can be regarded as the generalized coordinate and momentum. We therefore
obtain immediately from (1.1) and (1.2) for this

p= !_c [vxH],

Pz =

0,

so that pz is conserved.
For a one-dimensional potential well we have in
this case p = 0, q = 0, so that
u' (q) = 0,

e

=

U

(q),

(1.6)

where u (q) is the potential energy. In deriving
(1.6) we have used the relation
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It is easy to see that the equations (1.5) and
(1.6) determine a trajectory which is selfintersecting (in momentum and phase space respectively). Such a trajectory is always present
if the bounding Fermi surface is nonconvex or if
the potential well has more than one minimum. In
the neighborhood of this trajectory, naturally, y
;o! ~2. We shall, to be specific, consider throughout
the following the more general case of an electron
with an arbitrary dispersion law in a magnetic
field; all the results are easily taken over to the
case of a potential well with one or more "bumps."
It might seem that since the value of y does not
affect the distance between levels in zeroth approximation (as is to be expected since this separation is immediately obtained from the correspondence principle), the actual calculation of y
would be of no interest. However, this is not so.
It turns out ( cf. below) that the dependence of y
on n (and consequently on H) in the neighborhood
of the point of self-interaction appears, not in the
next approximation in 1/n as for the usual trajectories, but in the next approximation in 1/ln n:
r=r[(n-n 0)/Inn]

(1. 7)

(no » 1 is the number labelling the level which is
closest to the point of self-intersection), and if we
carry out a computation correct to terms of order
1/n the dependence of y ( n) must be taken into
account.
This dependence is extremely important in
computing the partition function, since the function
(1. 7) has, as a function of n in the complex plane,
singularities at distances from no of the order of
In - n0 I ~ ln n0, which gives a quantum correction to the partition function of the order of some
power of 1/no (whereas the complex neighborhood
of an ordinary point gives an exponentially small
contribution, in accordance with the fact that the
singularities are located at distances ~no or
~ ..fii; ( cf. below).
This contribution can turn out to be especially
large because of the fact that for real magnetic
fields ln no ~ ln ( S/a) is very small (for H
~ 104 oe, for the anomalously small zones which
mainly determine quantum effects, In no~ 1 - 4;
for the fundamental zones, ln no ~ 10) and it can
turn out, especially in sufficiently strong magnetic
fields or in the case of strong anisotropy, that this
contribution is comparable to, or even smaller
than, the dimeftSionless characteristics of the
orbit (which have a magnitude of the order of
unity; how these enter we shall see later on). In
this case, naturally, even the distance between

levels is not given correctly by formulas (1.2) and
(1.4), since these refer to the case no- oo, ln n0
-

00

In this sense it is important that the quantity
ln n 0 be bounded for the section we are considering both from below and from above, since the
magnetic field must be sufficiently large so that
the magnitude of the quantum corrections to the
thermodynamic quantities shall not be exponentially
small:
(1. 7')
(p, is the Bohr magneton for a conduction electron),
and sufficiently small so that even one period of
oscillation in the reversed magnetic fields is significant. These oscillations essentially alone
permit us to distinguish the classical part of the
given quantity from the quantum part:

(1.8)
Thus ln no varies within a very limited range
under ordinary experimental conditions.
In addition, as it turns out, yH depends periodically on the magnetic field, which results in a new
phenomenon: on top of the monotonic dependence of
the distance between levels on magnetic fields
there is superposed a periodic dependence which
already makes itself manifest in the next approximation in 1/ln (S/ a).
Thus the determination of the function y ( n, H)
is very important for two reasons: first, only a
knowledge of this function allows us correctly to
compute the quantum part of the partition function
(as well as, it is understood, the quantum part of
the kinetic coefficients); and, secondly, finding y
enables us to clarify the interesting feature of the
levels in the neighborhood of the trajectory which
intersects itself: the presence of a part of the
level separation which oscillates with the magnetic
field.
3. We must explain why it is that in the present
case the dependence of y on n and H appears
even in the next approximation in 1/ln n, and not
in the approximation in some power of 1/n. From
what we have said above it is clear that the latter
case is not of interest, and neither is the consideration of open trajectories, which give a much
smaller contribution (except possibly for specially
selected directions of the magnetic field ) than the
closed trajectories which are always present.
In order to answer this question, we note that
the special feature of our case could make itself
felt also in a somewhat different way. It is clear
that formula (1.3) with y = ~ is always correct if
in (1.4) the quantity m* = ( 271")- 188/ ()E is finite and
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not equal to zero, so that ~E ~ 0 and ~E ~ oo. A
priori this formula could break down for m* = 00
or m* = 0. The latter case is not at all possible:
S (E) is always a monotonic function, since the
intersection of orbits corresponding to different
values of E for a given pz and the same zone is
impossible for a Hermitian energy operator. (This
was pointed out by I. M. Lifshitz.) As for the case
m* = 00 , this just corresponds, as one easily sees
from the definition of S, to the case we are considering of a trajectory which is self.,·intersecting.
It might seem that those cases should also be
"suspect" where there are several areas corresponding to different zones. However, this is not
so, since the probability of transitions between
corresponding orbits is exponentially small if the
orbits do not intersect, and in general is proportional to n312, if the orbits intersect ( Zil'berman3 ),
'so that y = y (...rn).
Contact of orbits with E = i; is an exceptional
case, since it requires simultaneously satisfying
the two relations
81

(p)

=

~'

82

(p)

=

~;

V1x

=

V2X,

Vly

=

V2y 7

(1.9)
4. The only singular case of interest is thus the
case of self-intersecting orbits. The form of the
orbit near the point of self intersection is determined, for a given pz, by the equations
Vx = Vy =

0,

(1.10)
(1.11)

and can be found easily. Choosing the origin of
coordinates at the point of self intersection and directing the coordinate axis so that at this point

a2ejapxaPu = 0,

a2 ejap'; = 1/m 1 > 0,
(1.12)

we have
(1.13)
The closing of the curves in regions far from
the origin can occur in two ways, as shown in Figs.
1 and 2 (we recall that, in accordance with the
definition (1.12), all three axes have been chosen
uniquely). The first case (Fig. 1) is realized for
a Fermi surface with a "neck," (Fig. 3 ), and the
second (Fig. 2) for a surface with an indentation
(Fig. 4 ). In the following we shall, for brevity,
call the case corresponding to Fig. 1 the case of a
"neck" and that of Fig. 2 the case of an "indentation."
As we approach the trajectory which is self

P~:

FIG. 1
FIG. 2

FIG. 3

FIG. 4

intersecting, the velocity of the electron in the
neighborhood of the point of self intersection tends
to zero, while the time for passage of the segment
in the neighborhood of the point of self intersection
goes to infinity logarithmically4 with Eo ( pz) ( E
- Eo ( Pz) t 1• Almost the entire self-intersecting
trajectory is travsersed by the electron in a finite
time, but then the electron takes an infinite time
to approach the point of self-intersection; passage
through this point does not occur classically.
In coordinate space in the ( x, y) plane the
motion differs from the motion in momentum
space, aside from a proportionality factor, by a
rotation through -1r/2 5

x = ~ vxdt = - cpufeH,

y=

~ Vydt

=

CPxfeH. (1.14)

Let us now proceed immediately to the determination of the function y. For the singular case
of orbits which are symmetric with respect to the
two axes for arbitrary pz (which, it is understood,
is possible only for selected directions of the magnetic field), this was done by Zil'berman. 6 However, it is precisely in this (and only in this) case
that there is no correction to the level separation
which is an oscillating function of H. The thermodynamic quantities themselves have not even been
found for this special case.
2. FORMULATION OF THE PROBLEM
Suppose that in the absence of a magnetic field
the dispersion law has the form
e = e (Px, Pu, Pz).

(2.1)

Then 1 •3 the Hamiltonian operator in the magnetic
field should be obtained by replacing Px by Px
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we find the equation for ?Tx ( Py• Pz ) where Pz is a
parameter:

- (neH/ic) a/apy:
A

E

=

(p x·+.

E \

A
Ll

i)
i)py,
py, Pz ) , ~ =

·~ o,

-l

~0

= _

eHli.

c

(2.2)
It is understood that formula (2.2) still does not

determine the energy operator so long as we are
not given the rule for symmetrization of the noncommuting operators ~a/apy and Pp· The correct
rules for symmetrization can be stated starting
from very general considerations ( cf. Zil 'berman~
and I. M. Lifshitz and Kaganov4 ).
However, the precise symmetrization is not
necessary for the solution of the questions we are
interested in (finding the levels in the neighborhood of points whose contributions to the thermodynamic quantities are not exponentially small),
since it is sufficient to know the operator €
written to terms including ~5. To this accuracy,
E is already determined by the requirement of
Hermiticity 7 •
As a matter of fact, 1 any two Hermitian operators which are obtained from (2.2) by different
symmetrizations can obviously differ from one
another only by an even number of commutations
(~ is pure imaginary!), that is, by terms of no
lower order than ~2 • Consequently, to find the
energy levels, i.e., the eigenvalues, of the equation
e'ljl

=

E

(P

X+ AiJjiJpy,

py,

Pz) 'ljJ (P

x,

py,

Pz)
(2.3)

the operator € can, in accordance with what we
have said above, be given for example as follows.
If
(2.4)
A

we may define

E

e=l}i-ai,(Px,

as

Pz){(~a!JiPZ+P~(~a!Jl

<2 · 5)

Equations (2.3) - (2.5) are already sufficient
for solving the problem. Now we shall show that
there is an infinite degeneracy with respect to Px
(in the quasiclassical approximation), so that even
for the determination of y (H) in our case we can
set Px = 0 in (2.3) - (2.5).
We shall show for the general case how, to an
accuracy of terms of order ~. this follows directly
from (2 .3). ( Zil 'berman3 first proved by direct
calculations that there was an infinite degeneracy
with respect to Px.) Setting
'ljJ = exp (Sj~- PxPufM,

(2 .6)

e (nx, Pu, Pz)

+ ~ ~avxfdpy =

e,

(2.8)

and this equation is just as general as (2.3) and
(2.5).
Since (2. 8) does not contain Px, it is already
evident that with the same accuracy as before (up
to terms ~2 , inclusive) there is an infinite degeneracy with respect to Px. Equation (2.8) also
shows that, to this same accuracy, for the determination of the energy levels in equation (2.3) we
can formally set Px = 0, writing the equation in
the form
'ljl 1

= 'ljJ exp

(P:.CPul~).

(2.9)

To find the levels when there is a self intersection, it is sufficient to solve (2 .9) in the neighborhood of the point of self intersection and to join
on to the wave function in other regions where one
can use the usual solution*.
Before we go on to determine the energy levels,
let us make one further comment. The classical
orbits E (Px, Py, Pz) = E, Pz = const, in ge~eral.
are asymmetric with respect to the Px ax1s (F1gs.
1 and 2) [except for the region near the point of
self intersection, where the symmetry follows
from equations (1.5) and (1.6)], and the turning
points do not lie on the Px axis. However, since
the quantization is determined only by the corresponding areas, it is natural to expect that a deformation of the curves far from the singular point,
i.e., the point of self-intersection, will have no effect on the quantization if this deformation does
not change the areas of the orbits S (E) and as/ BE.
This theorem can be proven rigorously. Using it,
we can simplify the problem by assuming that the
turning points lie on the Px axis.
If in addition we have the case shown in Fig. 1,
a still further simplification is possible - replacement of all the curves by curves which are
symmetric with respect to the Px axis and have
the same area as before and the same value of
oS/oE. We note that, as is clear from (1.13),
symmetrization of the operator (2.9) in the neighborhood of singular points is not necessary in
general.
3. DETERMINATION OF ENERGY LEVELS

As was shown in the preceding sections, the
determination of the quasi-classical energy levels
in the general case reduces to determining the

and introducing the notation
llx

as

= -,
apy

~

\ ltx (py) dpy,

S = j

*It is therefore more convenient in solving to use (2.9)
instead of (2.8).
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largest eigenvalues of Eq. (2.9), when the turning
k<O
points of the corresponding orbits (2.9) lie on the
Px axis. To do this in the quasiclassical case, we
must join the solution far from the point of self•
intersection with the solution near this point. The
joining is accomplished as usual in the region where
FIG. 5
the solution far from the point of self intersection
k<O
Px
is still valid, and where one can still use asymptotic formulas for the solution near the point of
self intersection. (Such a region is known always
to exist in the quasiclassical case.) In doing this
it is sufficient to restrict oneself to considering
orbits close to the point of self intersection, since
the arguments given below are suitable for "disFIG. 6
tances" .6-E in energy from the point of selfintersection such that .6-E « E, while corrections to
levels because of the presence of two orbits with
possible transitions becomes exponentially small
already for .6-E » 1-LH ( E » f.l H! ) .
Comparing the coefficients for the linearly independent functions, we obtain a system of homogeFIG. 7
neous equations whose determinant must be equal
to zero. This gives the energy levels of the sys±en/2m0c, where m 0 is the mass of the free electem.
tron; for brevity we shall not write down this term
which is of no interest to us. )
4. INVESTIGATION OF THE LEVEL STRUCTURE
First let us consider the limiting cases when
the
orbits are still far from the point of selfThe level system when there is a self interintersection,
i.e., lkl » 1 and cp(k)- 0. If k
section has the form (n an integer)
+
oo
in
the
case of the "neck", or k - - oo
q:R,n
cos (Sl ±S 2 + cp (k)) = - lf e
cos (S1 =F S2), (4.1) for the "indentation",
2cosh 2kn
(4.4a)

+ cos-1 {y 2cosh2kJt
e+krr =COs (S 1 =F S

2 )}

= (2n + I} n, (4.2)

f(2)(k)=S ±S +cp(k)-cos-1 {e+k"cos(Sl=FS2)}
±

2

l

f2 cosh2k<T.

·

= (2n + I) n,
J

(4.3)

JkJ

1

f(l!.+ik)}

cp(k)=2tkln-e-zrlnr(1 /•-ik) -tan

-1

tan

hk

n,

(4.4)
Here the upper sign refers to the case of "neckingin'' (Figs. 1 and 3 ) and the lower sign to the
"indentation" (Figs. 2, 4); the meaning of St(pz)
and S2 (pz) is clear from Figs. 5 and 6.* (It is
understood that after determining the function
E0 •2 >( n, pz) from Eqs. (4.2) - (4.4) we should
still take account of the presence of spin by adding
both to E<O ( n, Pz) and E<2>( n, Pz) the term
*In the case of a potential well with a "hump" (Fig. 7)
S (k)

= Sf2'1i.,

k

= (e- eo) Vm [21i. VIV" (xo) I1-'1•,

where S is the area of the orbit in phase space.

which corresponds to the usual quasiclassical
quantization rules for a single orbit with area S 1
+ S2 in the case of the "neck" (Fig. 5, k > 0) and
with an area S1 - S2 in the-case of an "indentation"
(Fig.6,k<O).
If k - - oo for the ''neck'' or k - + oo for the
''indentation,''
(4.4b)
which corresponds to the usual quantization rules
for individual orbits (Figs. 5 and 6).
It may at first sight seem strange that formulas (4.4a) and (4.4b) for I k I » 1 hold not with an
accuracy which is exponential in I k I, but only
with an accuracy 1/l k I, whereas it is physically
clear that the probability of transition between
different orbits associated with the tunneling effect
is exponentially small.
For .6-pz ~ Po this is related to the fact that
from the very beginning the accuracy of writing
the equations and their solutions was not exponential, but of order 1/n in formulas of the type (4.4a),
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(4.4b), while in the formula for the energy the
error was of the order of 1/n2. For ~Pz « p 0,
the non-exponentially small terms give a correction to the usual quantization formulas for a single
section, in the case of the geometry we are studying for the Fermi surface (the presence of a
nearby saddle point).
Let us follow this transition directly from the
two-level systems (4.2), (4.3). As an example we
shall consider the case of a "neck." For k - oo
it follows from (4.2) and (4.3) that
S 1 + S 2 = (2n+t)n, (2n+ 1 +t)n,

i.e., these level systems have the same separation
between levels and are shifted with respect to one
another by half the level separation, so that altogether they lead to the usual equations:
S1

Now let k- 1)

lrs1-11- s,J =

+ S2 =

2m,

(n

+ t> rr.

Let us consider two cases:

00 •

s1 = (n+m + 12 ) n,

s2 = (n-m + +>n:
2)

[s

1 11

s2 =

3 '] =

(n

2m-1,

+ m + f>

sl

=

(n-m

+ t>n,

1'(

( m is an integer, [x] is the largest integer contained in x ) .
Thus for k < 0, each of the branches "builds
up'' a level system corresponding in turn to one
and then to the other of the individual areas, where
each time we "build up" levels corresponding to
the two areas.
Let us follow this process in more detail. Suppose that, in a certain energy interval [ ( S 1 - S2 )/7r]
is even. Then the first branch in this energy interval begins to form a level system corresponding to
S 1 and the second a branch corresponding to S2.
Later on, as the energy changes, [ ( S 1 - S2 )/7r]
becomes odd and the first branch begins to extend
the "work" of the second branch, the construction
of levels corresponding to S2, while the second
branch starts the building up of those corresponding to S 1. Later on the roles of the branches are
alternated once again, etc. This process for
larger and larger values of I k I is shown in Fig. 8
(where, since k is in the argument of the arc cos
in the exponent, it is practically sufficient already
to have I kl > 1).
Obviously, in the case of an "indentation" one
can repeat these same arguments with a replacement of k by -k.
2. Now let us explain how the distance between

--------

--------========
- - - - - - - - S,+S2

--------

-------1

_-_-_-_-__-_-_

-------- -------

s,

S2

FIG. 8. Picture of levels for a self-intersecting trajectory.
The solid lines show the first branch, the dotted lines the
second; on the left e c € 0 (pz), on the right e > e.,(pz)•

levels changes [we are especially interested in
this for levels near Eo ( pz) ] . By using formula
(1.13) for I k I « k 0, it is easy to show that the
functions f2• 2> ( k) in (4.2) and (4.3) are always
monotonic differentiable functions, so that the distance between levels in each of the branches corresponds to ~k ~ ( as/ak )- 1 and never becomes
zero or infinity. (For levels near the point of
self intersection this was not obvious beforehand.)
As for the dependence of the distance ~k between
levels on magnetic field, as one easily shows, it
has an oscillatory correction.
From formulas (4.1) - (4.3) and our remarks
above, it is clear that the only case considered by
Zil 'berman, 6 the case of a "neck" for S 1 = S2 = S
is a case of degeneracy where
2S

+ cp (k) ± cos- 1 (e-h"fJf2cosh2k n) =

(2n

+ 1) n,

and where both for k » 1, as well as for -k » 1,
there is a single equation system
2S = (n

+ t> n

(k ~ 1),

S=(n+i->n

(-k~1),

there is no "alternation" of levels as in Fig. 8,
and there is no oscillation of levels with magnetic
field in the neighborhood of Eo ( Pz).
If we go over from closed sections of the Fermi
surface to open sections, we should see a picture
analogous to that described by us, but possibly
complicated still more by broadenings of the
levels ( Zil 'berman4 considered only the special
case of sections which are periodic throughout the
lattice).
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