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and 8* obtained with the same parameter values,
Furthermore, the maximum is not found at k 0
= 11-c 2 as in Ref. 6, but at a considerably higher
energy. The angular distribution resembles those
of Refs. 6 and 8. only for very small and very large
k 0 , and strongly differs at other values of k 0 ;
this is especially true of the backward scattering
in the pre-resonance region and of the minimum for
= rr/2 at resonance,
In conclusion, I wish to thank 0. P. Ryibalkin,
V.I. Petukhov and A. G. Trunov for carrying out
the numerical computations.

e

Note added in proof: After completing this analysis, the
author discovered that an analogous calculation was
carried out independently by R. Gurzhi.
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This is a discussion of the perturbation theory for particles with arbitrary spin. The
properties of the singular functions for such particles are discussed, It is shown that the
elements of the S-rnatrix may be found by the Feynman rules.

T

HE present theory of wave fields permits us to
consider fields corresponding to particles with
any integer or half integer spin or witf. ,rny number
of integer or half integer spfn states. - In spite
of the fact that particles with spin larger than
unity are not observed experimentally, the theory
of such particles can present some interest in the
interpretation of the properties of the newly discovered mesons and in the study of the isobaric
states of nucleons. For instance, the theory of
particles with spin 3/2 has been applied to the
construction of the partly phenomenological theory
of interoction of 17-mesons with nucleons 4 - md tlie
results obtained compare satisfactorily with the
experimental daa.
The basic problem in the study of the interaction
of particles vith arbitrary spin with other fields
amounts to the construction of the scattering matrix
S. It has alrmdy been assumed previously that the
elements of the S-matrix for particles with arbitrary

* The constants used in this article are almost
identical to those of Ref. 8.

spin may be obtained by the Feynman rules. 5 • 6

,

7

in analogy to the quantum electrodynamics case.
However, until now no basis was given to this
assumption.
A difficulty arises in the construction of the
S-matrix for particles with arbitrary spin. The
difficulty is related to the fact that for higher
spins not all the components of the wave function
!fr (x) are dynamically independent. 1 This fact is
the niain impediment in the attempt to generalize,
for the case of arbitrary spin, the S-matrix theory;
the latter was derived by Dyson 7 for quantum
electrodynamics (spin l/2 in the inter~ction representation. (For more details on these difficulties
see Refs. 5, 6).
In the present paper, it will be shown how one
can obtain the elements of the S-matrix for particles with !l'bitrary spin in the Heisenberg representation. We follow the Yang-Feldman method. 8
For the sake of simplicity, we will consider the
interaction with an electromagnetic field (the
interaction vith other fields can be treated analo-
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(Lk '\h

+ ix) ·¥ =

ieAkLk·¥;

=c=

=

fi (p.TI x I fi (p.7- p.;),

(5)

2)

i=l

i=l

i .pr

1; k = 0, I, 2, 3;

V\ =a I axk; 0

=

\7~),

(l)

where A k is the quantized 4-vector potential of
the electromagnetic field and Lk are matrices
the properties of which are studied in Ref. 3.
It has been shown 9 • 10 that the matrices Lk
subject to the conditions stated in the earlier
footnote satsify the identity

(LkPk)n [(LkPk) 2 -

br

where n md s are defined the same way as for (2),
and ~ ( x, fls ) is the Pauli singular function corresponding to the particle with a rest mass fls

0Ah == }k; j, = e (~Lk~)
(t~

s

s

gously).
1. The interaction of a particle with arbitrary
spin* w!th the elec!romagnetic field can be
wn tten m the form

Po =

V p 2 + p.; ·

In (3) the minus sign is taken for integer spin and
the plus sign for half integer spin. The vacuum
expectation value (in the absence of interaction)
has the form 6

(6)

(x 2 1P.i) p~ l · · ·

[(LkPk) 2 -

(x 2 1 p.;) p~]

=

0,

(2)

** .,

where Pk is an arbitrary 4-vector, fll, 11 2,
fls is the rest mass spectrum of the particle
,
and n is an integer dependent on the propertiesof
the matrix L 0 • For particles with spin 72: n = 0,
s= 1; for particles with spin 0, 1: n = 1, s = l. In
the first case, (2) gives a known relation for the
Dirac matrices, and in the second case, (2) gives
the Deffin-Kemmer relations.
2. Let us first consider the basic singular
functions satisfying equation (l ).
It has been shown 9 that, in the absence of
interaction the components of the wave function
t/1 satisfy the relation:

(the plus sign is taken for integer
. mmus
.
f or ha lf mteger
:
'sptn
. )f wh ere ~ (l) ~ x ~ ]
spm,
is obtained from the expression o R ( x ) Eq. 4
by substituting for ~ ( ~, f1r):
~(I)

(x, P.r)

= (2IT)-3\ eipx cos PoXo d3p;

J

x

Po

Po=

v

p>-

+ iJ-2
r

•

The Green function of the equation ( L k Vk + ik)
t/1 ( x) = 0 can be presented in the form 6 :
s

Sa (x- x') = S (\7) )', br G (x- x'; fLr),

(7)

r=l

(8)

where b, may be obtained from (5) and S ( V) is a
differential operator of the form
s

X [!J(Lk Vk)2- :; 0

J} br~ (x,

s (\7)
fLr), (4)

i+r

n+2s-3

~

m=O

*We are considering only equations with finite
dimensions (t/J has a finite number of components). Such
equations describe particles, the spin and the rest mass
of which are taking a finite number of values. Furthermore, it is assumed that the energy (in the case of integer spin) or the charge (in the half-integer case) are
definite.
**the mass spectrum of a particle is de5ermined by
the relationship fli
x / \ where \ are the non-zero
eigenvalues of the matrix L 0

=I

I

s

(+ Y'+\L~rVk)'ll fi (0 + p.I) (xj p.;)
t~l

T=l i=l

i+r

2
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In particular, in the Dirac equation ( n = 0, s = 1),
S ( V) takes the form Lk V - i k; in the case of the
Deffin-Kemmer equation (n=1, s = 1 ), one obtains
from (9) the. known formula

[•.pp(X), fa(x')l±
=

•fa (x')]:;:)o

S (x- x'), <l~P (x),

S(v)

= -iS(!l(x- x').

T'o define completely the Green's function
S~. ( X - X ' ) one has furthermo.re to define the
integration path in (8). Let us denote by
fl. (;;- x '; /l·) and by fl. (x- x'; /li ) the
r
·'
'
Green's
function
G (x- xa'; /li ) f or t he KlemFock equation (
+ /li2 ) t/J ( x) = 0 , giving solutions in the form of retarded and advanced potential, respectively; by t-,.F ( x- ~'; /li ) the causal
Feynman /1-function, and by fl.(x- x'; /li)
the Green's function corresponding to the principal
value of the integral in (8).
The corresponding Green's function for p~;trticles
with arbitrary spin will have the form

From (12) o.ne sees that, ip the Grt:en's fupqtioqs
as well as In the permutatiOn reratwns and In the
vacuum expectation values, the only operator
operating on the singular !1 - function is the
differential operator S ( V) ; this is the same situa.
tion as in quantum
electrodynamics. *** Th'IS
situation will be considerably taken advantage of
in our work.
It is also important to note that the relationships
between the Green's functions S n Sa' SF • and
S are the same is in quantum electrodynamics,
namely:

SF (x) =

s

{Sa (x)

1/ 2

+ S, (x)},

S (x) = S, (x)- Sa (x),

= S (v) ~X (x- x'; t-ti);
i=l

S(x)- (i I 2) S<'l (x),

S (x) =

s

S(x- x')

S, (x- x')

S, (x - x') = S (V) ~ !1, (x- x'; I-Li);

=

0 (X 0

i=l

s

Sa (x- x') = S (v) ~ t1a (x-x'; t-Li)· (10)

(l3a)
(l3b)
(13c)

< Xo');

Sa (x- x')

=

0

(x 0

i=l

s

(12)

>X

0 ').

(l3d)

However, the case of particles with spin larger
than % differs considerably from that of quantum
electrodynamics. This difference is that, in
general, Eqs. (10) and (ll) defining the functions
S (x) and S(x) do not imply th.e equality

i::c::::::J

Furthermore, let us define two more functions

S(x)

=

1/ 2

~ (x) S (x),

~ (x) =

s

S (x- x') = S (v) ~bit-. (x- x'; t-Li);

{_

~

Xo>O
x 0 <0,

i=l

s

S(ll (x- x')

=

S(V) ~ bit-.<'l (x- x'; t-Li)· (ll)
i--1

Using formula (9) and also the fact that !1 ( x- x ')
and t-,.<1) (x -x ')satisfy the Klein-Fock equation,
it is easy to see that

as they do in quantum electrodynamics.
Indeed, from the definition of S (x) and S (x) it
follows that

S (x)
=

=

1/ 2

S (V') P/2 ~ (x) D.(~)}
s (x) S (x)

+

1/ 2

[S (V), ~ (x)L 6. (x). (14)

S (x- x')=::- R (x- x');
S<'l (x- x') == R<'l (x- x'),

where R ( x - x ') and R (1) ( x - x ') are the functions defined in {3) and (6). In this fashion,
Eqs. (3) and (6) can be replaced by

***See for instance, Refs. 11 and 18. The proof of
this stat;ment given in Ref. 12 is err~neous, as it ~~
based on the assumption that the matnx (Lk Pic +K)
can be diagonalized. But all the relativistical~y invariant equations satisfying the conditions stated m the
footnote *,except the Dirac and the Deffin-KeiiUIICr
equations, cannot be diagonaiized (see Ref. 3, p. 726).
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If the differmtial operatorS ('V) contains derivatives
of order not higher than one, as it does only in the
case of pa-ticles described by the Dirac equation,
then [S('V), f(x)] l>.(x)= 0, because dx) depends
only on x 0 md

< P'(tf!(x), t/J(x') > 0 ++is in general not equal to
SF ( x- x '), as it is in the case of quantum
electrodynamics. Indeed, it follows from (]2) that:
(P' (~ (x),

=
It is easy to see that in the general case

V)

o(x- x'),

=

(x- x').

=

Sp (x- x')

x>x'
x<x'.

3. Knowing the Green's function, one can solve

E:q. (I) by the method of successive approximations.
For this purpose it is easier to replace (I) by
their equivalent integral expressions. If one uses
the retarded potential, the latter will have the
form
~

(x)

=

~(i)

(x)

- ie ~ S, (x- x') L,.A.,. (x') 'f (x') d4 x',
(i)

A"" (x) = Av (x)
- e ~ D, (x- x') jp (x') d4 x'. (18)
If, on the other hand, one uses the advanced potential, one will get
~

(x) =

~(fl

(x)

s(x, x')D.(x-x').

- ie ~Sa (x- x') Lp.A,. (x') ~ (x') d4 x', (19)

Instead of (IS) and (14) we get:
1/ 2

s(l)

(15)

with this definition, the relationship between
L'l ( x- x ') and L'l ( x- x ') retains its form

X(x-x')

s (x- x')- (i/2)

(P' (~ (x), ~ (x'))) 0

where F ( L, L'l) is some polynomial in the matrix
Lk and in the differential operators 'Vk = a;axk,
and a( X- X') is a four-dimensional a-function.
Insofar as f (x -x ') depends only on time coordinates,
the function F has a non-invariant form. To give
a relativistically invariant form to all the formulas,
it is necessary to change somewhat the definition
of f (x- x'). For this purpose let us introduce the
ensemble of space-like surfaces a(x ),. in such a way
that one and only one of the surfaces would go
through each point x of the universe. Let us denote
by n the unit vectors orthogonal to these surfaces.
Let ~s introduce the notation: x > x 'if a ( x) lies
in th~'future"with respect to a (x ') and x < x ' in
the opposite case. By the symbol f ( x, x ') we will
mean

1
s (x, x') = r
\- 1

(x, x')

Using Eqs. (ll)b) and (l3a), we get

Ij 2 [S (v), s (x- x')Ll>. (x- x')

= f (L,

1/2 8

y (x'))) 0

[S (\7), s (x, x')]_l>. (x- x')
=

S (x- x')

F
=

(L,.n~'-,
1/ 2

s

v,n,, D) o(x-

x'),

(I6a)

(x, x') S (x- x')

+ F (Lpnp.,

v,n_, D) o

(x- x'),

(I6b)

where F is some polynomial in
='VA'V >.., in
V'>._n>._, and in the matrices Lfln/1-. It is important
to note that the quantities n>._ are involved in F ·
in such a manner that if one puts n>._ = 0, then F=O.
In particular, it follows from (l6b) that

where t,U(iJ, A(i) and t,U(f), A (f) satisy the
equations and the commutation relations of the free
fields. Let us assume that the interaction is
adiabatically turned on at t = x 0 = - oo and turned
off at t = + oo. Then, according to (I 3d)

++

P'(<jl(x),

f<Ji(x)t(x')
<J;(x'))=\<Xt(x')<jl(x)·

x>x'
x<x'

ex.= ± 1; plus sign for integer spin, minus - for half
integer.
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(x) __,. ~(i) (x),

~(/)

A/J. (x) __,.A~> (x)
~

for

t-o> -

oo,

(x)

= v-•J.

X~ {c¥> 1'+ (p) eipx

(x) -o> ~<f> (x),

~(i)

Av (x) -o> AV> (x)

for

t-o>+

oo.

=

(x)

= V-'lz

(20)

Th.is lea?s to the physical interpretation of
Vf•J, A (t) and of 1/J (f), A (f); 1/J(i) and A (i)
describe the corresponding fields when t ..... _co
"before the interaction has been turned on", and
l/1 (f) and A (f) describes them when t -+co, "after
the interaction has been turned off." These operators have to satisfy the relations 8
~U> (x)

+ 4)* ~- (p) e-ipx},

p

s- 1 ~<i> (x) S;

X~ {c~> cp+ (p) eipx + cj(>* rp- (p) e-ip.~},

where C (i)* and C (i) are the creation and anni. poperators In
p t he occupatiOn
. num ber reprehI'l atwn
sentation "before the interaction has been turned
on", and Cp (f) * and Cp (f) - the same operators,
"after the interaction has been turned off". It
follovs from (21) that

(j) Cp
-

(21)

where S is the scattering matrix.
On the othll' hand, using Eqs. (18) and (19), one
can express l/1 (f) ( x) and A (f) ( x) in terms of
·'· (iJ ( )
•
•
'f'
x an d A (iJ ( x ) , as a power series
In e. For
this purpose let us subtract (18) from (19) and use
equation (l3c). We get

(23)

p

s-IC(i) C'
p •.>.

(24)

Analogously, one can write

X~ {a~> Av (k) eikx +a~>· A~ (k) e-ik.r},
k

~<!>

(x)

= ~U>

(x)

+ ie ~ S (x- x') L/J.Av (x') 'f (x') d x',
4

A~> (x)

= V-'1•

(22)

A~> (x) =A~> (x) + e ~ D (x- x') jp. (x') d4 x'.
It is e;:J:3y to get the desjred expr~;,s1sions of 1/J (f)
and A (f) in terms of lf!' •J and A r• • First, one has
to apply an iteration method to (18) to get an
expression of 1/J ( x) and A ( x) in terms of 1/Jfi) (x)
md A(i) (x), and then substitute these expressions
in Eqs. (22).
4. Let us now determine the elements of the
S-mocrix. Let us first note that ¢ (f) ( x) and
·'· (i) ( x) describe free fields, and that they can
'f'
therefore be presented in the form ***
***In equation (23), the symbol p denotes the whole
set of quantum numbers which define the state of the
considered particle. In analogy, in Eq. (25), k denotes
the set of momentum 4-vectors and the polarization
of the photon; px and kx represent the scalar products
of the 4-momentum and of the 4-vector of the point x.

X~ {a~,il A,,_ (k) eik.r +a~>· A~. (k) e-ikx}.

,,

(25)

The physical interpretation of the operators
* , ak (f) and afi) *, a£il ~orresponds to the
interpretation of C r'F J and C f•J. It follows from
(21) that

a/f)

(24 ')
Let us denote by ¢ 0 the vacuum wave function
of. the system. One can write

(26)
The element of the S-matrix corresponding to the
transition from the state (i) at t - - 00 (which
involved the considered particles in the states
p 1 , p 2 , ••• and photons in the sta,tes kl' k 2 , • • .)
to the state (F) "'-'(p{, p; ••. ; k 1 , k 2 ', • • • • • ·)
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at t _,
(f)
S(i)

+ co is

where S '[;~ 1s the term which would be obtained if
one set F(L 11 nll' 'VV"v•
)=0 in (l6b), and

given by the formula

(i)

sCp(i)*

(i)

= <c p' · • · ak, · · ·
I

1

(i)•

•

•

•

Gk 1

)
•

•

•

o•

(2 )
7

1

where < > 0 is the expectation value(over the
VaCUUm rf>o •( ~Xpressing cp ~i) and ak ~I through
Cp(f) and ap f) vith the help of (24), and takinv
,.,
into account (26), let us rewrite Eq. (27) in the

.

fu~

(f)
(f)
(i)*
S (f)
(i) = <cp' · • · ak, · · · Cp
1

1

(i)*

• • •

G1k · · · ) 0 • (28)

I

To calculate this quantity, it is necessary to.
.
express the operaors c,rn a (f) through c,(•J a (•)
with the required accuracy with respect to e, This
can be done using the expressions of tjJ (f) (x)
A,(f) (x) in terms of tjJ(iJ(x), A(i)(x) [obtained
~vith the help of Eqs. (18) and (19) by the iteration
method ] • After this is done, it is in principle
possible to cdculate the vacuum expectation value
of the right hand side of (28). The procedure can
be applied with relative ease to get the matrix
elements to the first and second order in e. It
happens that these elements are such as required
by the Feynman-Dyson rules. To the vertices of
the diagrams correspond the matrices L 11 [involved
in (l) ] , and, to the solid line, the function
s

SF (x- x')

= S (\7) ~ b;6.p (x- x';

P.i), (29)

i=l

where S ( \7) is given by (9),
The method given above becomes quite complicated when applied to compute the matrix elements
to my order in e • It is however possible to
show that even in this case, the matrix elements
will have a form corresponding to the Dyson-Feynman
rules.
Indeed, it follows from what was said above, that
the calculation of S/jJ involves only the expression
of the operators tjJ (f~ A,(f) t,hrough t}(iJ, A (i)
the formulas (12), the Green s furictwns (lb) and the
relations (13), 06b) between them. All of these
are absolutely analogous to their equivalents in
quantum electrodynamics - with only one exception:
t-he formula (16b) has a second term, depending on
the normals to the space-like surfaces, which vanishes identically in the quantum electrodynamic
case. The effect of this form is such that the
expression of the matrix element in the general case
has the form

srfjl

(f)

Sol

=

'(f)

S<il

+ s"U)
Ul ,

n(FJ .
. .
F ( L nll' \1vV"v•
S(i)
1st he term conta1mng
11

s(;;(F) vanishing if one

sets

s= 0.

),

In quantum

electrodynamics S = S ', and S' as is well known,
is given by the Feynman-Dyson rules. Hence,
in general, S 'has also to be constructed according
to these rules. Let us now show that S "= 0 in the
general case as ~11 as for spin 7:i particles. For
this purpose, let us note that the elements of the
S -matrix cannot depend on n - as it can be
seen, for instance, from Eq. (21). Hence S "also
does not depend on n/1....and therefore does not
depend on F (L 11 n , Vvnv,
) (because this
function vanishes
n /1 = 0 ). This is possible if,
and only if S "=0.
In the matrix elements of any order in e, the
terms depending on the normal to space-like surfaces have to compensate each other, and these
elements are constructed according to the FeynmanDyson rules - in the sense given above. For
matrix elements of the first and second order, this
was verified directly. 6
After the completion of this work ****a paper 13
was published in which the author considers the
commutation relations, the Green's function and
the S-matrix for spin 3/2 particles, described by
the Pauli-Fierz equation. I The results of this
work are contained in ours, as a special case.
The author wishes to express his deep gratefulness to Prof. V. L. Ginzburg, and also to
E. S. Fradkin and V. Ia. Fain berg for valuable
discussion of the results of this work.
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